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PREFACE. 



The Council of the Institute of Actuaries have thought 
it desirable to publish separately the First Part of the 
Text-Book, dealing with questions involving the Theory 
of Compound Interest only; and in doing so, have to 
express their regret that the Author, Mr. W. Sutton, has 
found that the pressure of other engagements will prevent 
him from completing the Second Part, relating to Mortality, 
and to Annuities and Assurances dependent thereon. Other 
arrangements have, however, been made for the completion 
of the Work, and it is hoped that the remaining portion 
will be published at an early date. 
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INTRODUCTION BY THE AUTHOR. 



In the preparation of this Work, it has been sought, as 
far as possible, to give a tolerably complete treatise on 
the important subject of the Theory of Compound Interest. 
From the nature of the subject, much original matter is 
hardly to be looked for; and the Author particularly 
desires it to be understood that he has, except in special 
cases, abstained from quoting his authorities, for two 
reasons — one of which is, that in many matters it has 
proved to be quite impracticable to quote the original; 
and the other that, by avoiding these references, which 
might or might not be correct, a great saving of space 
has been effected. 

He has to express his obligations to Mr. T. G. Ackland 
and Mr. J. Heron Duncan for their assistance in examining 
proof-sheets, &c. ; and he desires to tender his best thanks 
to Major-General Hannyngton and Mr. Peteb Gray, for 
their several communications to be found on pp. 164 and 
166 respectively. 

W. S. 
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CHAPTER I. 

INTEREST, AMOUNTS, PRESENT VALUES, AND DISCOUNT. 

(1) When a person possessed of capital is desirous to employ ExpUiuition 

.... of ih6 tonn 

it productively, he may either enter upon some sort of com- interest, 
mercial or industrial undertaking, or he may be satisfied with 
lending his capital to another person. In the first case, he will, 
if the undertaking prove successful, earn what is called profit; 
and in the latter case he will, among other things, stipulate 
for a fixed and definite consideration for the loan of his capital. 
This consideration is termed interest. It is not necessary 
that the capital lent, or that the interest received for lending 
it, shoidd be in the shape of money. A loan may be in any 
commodity, and the interest for the loan may be in the same or 
any other commodity. For instance, a loan of land may be 
considered as a loan of capital invested in land, and the interest, 
here called rent, may be in money or com, or even in services. 
But as in all transactions for value it is found expedient by the 
common consent of mankind to take money as the standard of 
value, it is usual to treat interest questions in the same way; 
although, as will be evident, this is not essential, all that is required 
being that the loan and the interest shoidd be denoted by quan- 
tities that are homogeneous. 

(2) The interest to be charged in any case will depend upon 
the amount of the loan, in future called the principal, and upon 
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Amount to 
which principal 
will accumulate 
at end of a year 
at compound 
interestf 



the length of time for which it is made ; and in ordinary language 
the unit of principal is taken as 1 and the unit of time as a year. 
In this way, interest is said to be charged at the rate of five per^ 
cent, or '05 per unit per annum, or merely five per-cent, the 
unit of time being understood to be a year. In what follows, we 
propose to take 1 as the principal or unit bearing interest unless 
otherwise stated. 

(3) Let us at present assume that interest on this 1 is to be 
charged at the rate i per annum. It will be noticed that nothing 
is here said as to when the interest is payable. Suppose, however, 
that the interest is payable at the end of every wth part of a 
year. Then at the end of the first wth part of a year, the 

interest due and payable being proportional to the time, is — . 

Now if this interest is not paid, the borrower will clearly have the 
use of it, and may be charged interest upon it at the same rate as 
upon the principal. On this assumption the capital bearing interest 

for the second mih. part of a year will be 1 H — , and the interest 

m 

payable at the end of the second with part of a year will therefore be 
— [ IH — J , the two together making (l-\ — j . Similarly, at the 
end of the third mih. part of a year, the interest payable would be 

m \ m m\ mj ) m\ mj 
and the capital outstanding \\-\ — j , the two together making 

[ 1 H — ] . And at the end of the last wth part of the year we 
should have 



Interest due and payable = — ( 1 H — , 

^ ^ m\ mJ 



Capital outstanding 



i\rn-\ 

/ 



f ^\^ 
The two together make ( 1 H — I . In other words, the 

original principal of 1, will have accumulated at the end of the 

year, by the operation of interest, to f 1 H — j , and the interest 
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earned by the original capital of 1 in the course of the year will 

consequently be ( IH — j — 1 . 

Interest thus calculated is called compound interest. 

Under these circumstances, i is called the nominal rate of DUtinetkni 

between 
/ t "N** nominal and 

interest convertible m times a year, and ( iH — 1 — 1 is called effective xatea 

V ^/ ofintereat. 

the corresponding effective rate of interest, and may be denoted 
by *<"»\ 

Example : If the nominal rate of interest be 5 per-cent, and 
interest be payable quarterly, then the sum to which 1 will amount 

l-h — j =(1*0125)1 

Now log 10125= 005395 ; 

.-. log (10125)4=021580 

=log 105095. 

So that if 5 per-cent be the nominal rate payable quarterly, then 
the equivalent effective rate is (10125)4-1= 05095, or 5095 

per-cent. 

/ i \'^ 
(4) Since we have (IH — j — l=e^ 



:(m) 






V m/ 



&c. = <fec. 

When, therefore, the effective rate of interest is i, we shall 

have 

1 . i 

Compound interest for — th part of a year = (l^-^)w^— 1 

2 1 

- parts „ =(l-fOm-l 
tn 

m—1 _ ..^zi 



m 



„ =(1+0 --1 



„ a year =(1 + 0-1- 
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On the other hand, if i is the nominal rate of interest con- 
vertible m times in a year, then 

Compound interest for — th part of a year = (H — J""! 



» 



» 



» 



» 


— parts 
m ^ 


>> 


=(-^'- 


>> 


m " 


» 


= (^- r '- 




a year 




=('-3'-- 



It will be seen, therefore, that it is necessary in all interest 
questions to ascertain the exact conditions of any given case: 
in other words, when a rate of interest is given, is the rate a 
nominal or effective rate ? and if the former, how many times in a 
year is interest to be convertible ? 

Example : Let the rate of interest be 5 per-cent. Then 

(1) On the assumption that 5 per-cent is the 

effective rate of interest, we have 

Compound interest for fths of a year=(l'05)*— 1 

= 0373. 

(2) On the assumption that 5 per-cent is the 

nominal rate, 

« 

(a) Convertible yearly. 
Compound interest for f ths of a year=same as above; 

(li) Convertible half-yearly, 
Compound interest for fths of a year=( l-h -^ ] — 1 

= 0377. 

(<?) Convertible quarterly, 

/ *05 \' 
Compound interest for f ths of a year= (1+-t-)— 1 



= -0380 
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(5) If in Article (3), the interest not paid at the end of AmooBt to 
the first mth part of a year is not considered to bear interest, wiu aoeumiiiAta 

At And of ft yoor 

then the interest payable at the end of the second mth part of a «t nmpio 

intoreot* 

year will be the same as for the first part — namely, — ; and this, 

in 

with the principal and unpaid interest, will amount to 1 H 1 — 

m m 

2i , . 

= 1 + — . Simdarly, on the same assumption, at the end of the 

third interval, principal and interest will amount to IH , and at 

the end of the mth interval to IH , or 1 + e. So that the 

m 

original principal of 1 will have accumulated at the end of the 

year by the operation of interest to l-h*, the interest earned by 

the original capital of 1 in the course of the year being i. 
Interest thus calculated is called simple interest. 
In this case, it will be noticed that the nominal rate of interest 

and the effective rate of interest are the same. 

I^xample : If the rate of simple interest be 5 per-cent, then 1 

will amount in a year to 1'05, and this no matter how often interest 

is payable. 

(6) Let now x be the nominal rate of interest when con- iHfFeraioo 

betwoon 

vertible m times a year, which corresponds to an effective rate of oompound and 

■implo interMt 

interest t, then we have ftw term not 

exceeding a 
year. 

mJ 







and l+- = (H-t> 

m 



( 



&c. = <fec. 



and generally ( IH — I = (1 -h *) '^ • 

\ mJ 



Now when i is less than unity, the series obtained by the 



i»-i 



expansion of (1 + "» takes the form 1 -|- an infinite series of 

-J, 1 

terms, of which the first term, viz., t, is numerically the 

m *^ 
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greatest, and which are alternately positive and negative, and 

each term numerically less than the preceding term. The series 

-J, 1 
is therefore convergent, and less than i, (See Algebra- 

Binomial Theorem and Convergency of Series.) 

Therefore (1 + *) "^ <H *, 

'^ m 

and (1+-) — 1< *• 

V mj m 

IH — ) — 1 denotes the interest accrued at the end 
mJ 

of the (w— l)th interval, on the assumption oi compound interest 

at the nominal rate x convertible m times a year, and i is 

m 

the simple interest for the same period at the rate i . It will be 

noted that in the ease of simple interest, the interest for any 

portion of a year is simply a proportionate part of the interest 

for a year on the original capital ; whereas in the case of compound 

interest, interest is charged not only on the original principal but 

on the outstanding interest. As, however, the nominal rate of 

interest a? employed in the case of compound interest is so taken 

that the corresponding effective rate is equal to the rate at which 

simple interest is charged, for all periods less than a year the 

compound interest is less than the simple interest. 

If, on the other hand, the nominal rate employed in the case 
of compound interest be the same rate as that at which simple 
interest is charged, then, for every interval after the first, the 
compound interest will be greater than the simple interest. 

Example : If the effective rate of interest be 5 per-cent, then 
the compound interest for fths of a year is (Art. 4), (1*05)*— 1 
= 0373, whereas the simple interest for the same time is f of 
•05=0375. 

If the nominal rate be 5 per-cent convertible quarterly, then 
the compound interest and simple interest for ith of a year 
are each =i of '05 

= 0125. 

The compound interest for fths of a year ='0380, 
whereas the simple interest „ „ =0375, 
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(7) If in the expression [ IH — ) we make m=oo, then the Amount at 

\ my oompound 

intorost wli6ii 

limiting value of such expression, which may be denoted by intere«ti« 

oonvertible 

Ittl 1 H — I , can be shown to be €», where e is the base of 



mo 



Napier's system of logarithms, and is equal to 

1 + 1+ i^ + i^ + i^ + &c. =2-718281828 

g |3 |4 

(See Algebra, Exponential Series.) 

Now it is clear that theoretically there is no restriction to the 
frequency with which interest may be convertible. If we sup- 
pose, taking x as the nominal rate of interest, that interest is 
convertible monthly, then in the above formula 1 would accumulate 

in a year to f l-h — 1 , and if convertible daily to f 1+ ^^ J . 

In the same way, on the assumption that interest is convertible 

mently, then 1 would accumulate to \it[ IH — ) , i.e.^ e*. 

(8) To find, therefore, the nominal rate of interest convertible Oonneotion 
momently which is equivalent to an effective rate of interest i, nominal and 

effective ratea 

we have the equation of interest 

when interest 

^j. 1 I y " convertible 

C^ — J- ~r * > momently. 

or ir=logg(H-«). 

=logio(l+Oxlog€lO 

=log ,o(l +*') X 2-30258509 

{Algebra^ Logarithms,) 

This value of x we shall denote by S, and if the nominal rate of 
interest convertible momently is i, the equivalent effective rate of 
interest may be denoted by i . 

When interest is convertible momently, the nominal rate of 
interest is sometimes called the force of interest or force of 
discount^ so that 8 would denote the force of discount when the 
effective rate of interest is i. 

The value of 8=log ^(l-l-i) may be approximately found from Formula for 

approximating 

the formida to value of 

force of interest 



8=1 [ . -j-i j approximately. 
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For we have i Tr^. +») = H^*(l + 0"'+»} 

=**— — approximately. 
But (Algebra, Logarithmic Series) 

i^ 
=t— - approximately. 

:•. 8=log,(l+0 

z=i— ■- approximately, 

The two following tables are calculated from the formula 

In Table I., the nominal rate of interest i, and m the number 
of times interest is convertible in a year, are the arguments, and 
i<"»> the tabular result. 

Thus, for example, if the nominal rate of interest be 5 per-cent, 
payable quarterly, then t='05, wi=4, and from the table we see 
that the corresponding effective rate of interest, or i^^\ is 5*094534 
per-cent. 

In Table II., the effective rate of interest i^^^ and m are 
the arguments, and t, the nominal rate of interest, is the tabular 
residt. 

Thus, for example, if the effective rate of interest be 5 per-cent 
when interest at the nominal rate is payable quarterly, then 
^•(m)— .Q5 and ^=4, and from the table we see that *, the corres- 
ponding nominal rate of interest, is 4'908893 per-cent. 
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(9) Hitherto the effect of interest has been considered for a 
term not exceeding a year, that being the unit of time used in 
defining the rate of interest ; and it is now proposed to consider the 
effect when the time over which interest is to run is greater than 
such unit. Taking i as the nominal rate of interest, it has been 
shown that at simple interest a principal of 1 amoimts at the end 
of a year to H-», whereas at compound interest, interest being 
convertible at the end of every mth portion of a year, the amoimt 



at 



at 



the end of a year is 1 -h «<"*\ where *'"*^= ( 1 -h - J — 1 . Now 

simple interest, where the original principal alone bears interest, 
the interest for the second year will be i, just as for the first year ; 
and the total accumulation, or the amoimt, at the end of the 
second year, will be l'\-i-\-i=l-\-2t. But at compound interest, 
at the beginning of the second year, the principal bearing interest 

= I 1 H — 1 , and since, as has been already shown, a principal 

of 1 amoimts at the end of a year to ( l-h — J , it follows that 

a principal of ( IH — 1 at the beginning of the second year will 

amount toflH — ) X(H — ) =(H — 1 at the end of that 
V fn/ \ my \ mj 

year. Similarly, at the end of the third year, the simple interest 

to be added will be i, and the total accumulation (principal 

-h interest) or amount at the end of that year l-|-^-h^-h*=l^-3^. 

At compound interest, the total accumulation or amount will be 






(1+-) x(l+-) =(1+-) . 

\ mJ \ mJ \ mJ 

At the end of n years we shall have 

At simple interest. 

Total accumulation or amount = l-|-wi. 



At compound interest. 

Total accumulation or amount = (H — ) ={l-l- i^'^^Y' • 

iH — I we assume w to be oo , then 
mJ 

we arrive at the conclusion that the amount to which a principal 



Amoimts At 
oomponnd 
and umple 
interest for 
term greater 
than a year. 
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Deflnition of 
Pretent Value. 



PonnulMfor 
PMsent Yalne. 



of 1 will accumulate at the end of n years, on the assumption that 
the nominal rate of interest is i, and that interest is convertible 
momently, is 



But U (l -h -T = €*, (Art. 7) 

/ i \mn 

.'. Lnl-h — ) =6*». 

(10) Instead of starting with a given principal, and calculating 
to what amount it will accumulate at a given rate of interest 
in a given time, we may assume the said amount as given, and 
calculate what must be the principal which would accumulate at 
the given rate of interest, and in the given time, to the said amoimt. 
This it will be seen is a question of simple proportion ; for if in a 
given time and at a given rate of interest, 

a principal of 1 amounts*, say, to X, 
then a principal of — will amount to 1 ; 

and — is said to be the present value of 1 due a given time hence 
j\. 

at a given rate of interest. If, therefore, the sum to be accu- 
mulated be taken as the unit of reference, the accumulated sum is 
called the amotmt ; and if the accumulated sum is taken as the unit 
of reference, the sum to be accumulated is called the present 
value. 

(11) As shown above, if a principal of 1 amount to X in a 
given time at a given rate of interest, then the present value of 

1 due the same time hence at the same rate of interest will be — , 

and this relation is general. So that, as a matter of fact, the 
present value of 1 due a given time hence at a given rate of 
interest, is always the reciprocal of the amount to which 1 will 
accumulate in the given time at the given rate of interest. In 
symbols, if i be the nominal rate of interest and m the number of 
times in a year interest is convertible in a year, then the present 
value of 1 due n years hence is 
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— m» 



mj 

= {l + ^-<«)}-n 

When w=oo , this becomes =e""***. 



("i.-i 



Similarly at simple interest the present value of 1 due n years 
hence will be denoted by 

1 

Example : The present value of 1 due 10 years hence, the 
nominal rate of interest being 5 per-cent, convertible quarterly, is 
given by the expression 

1 1 



( 



40 /I .mof;^4o * 



14.125V (10125)' 



Now log 10125= 005395 ; 

.-. log (10125)-*'= --21580, 

= 1-78420 
=losr -60842. 



'O 



Or this could have been calculated by means of Table I., which 
gives -05094534 as the effective rate, equivalent to a nominal rate 
of 5 per-cent convertible quarterly. 

Thus present value= (1 05094534) -^^ 

Now log 1-05095=021580, 

/. log (105095)-i*>= --21580 

= 1-78420 

=log -60842 as before. 

(12) Compound Interest tables, therefore, naturally resolve compound 
themselves into two kinds — (1) Tables of Amounts; and (2) of Amouniand 
Tables of Present Values — the arguments in each case being the 
given rate of interest and the given time. In accordance with 
usage, a year is taken as the unit of time, but it is clear that there 
is no necessity for this, the only essential being that the rate of 
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interest argument shall correspond to the period of time taken as 
the unit. For example, in the general formula for amoimt 

the period of time taken as the unit would he — th of a year, and 

t 

the rate of interest argument — , and then under the time argument 

m 



f i \^^ 
mn we should have as our tahular result [ 1 H — 1 Similarly 

for present value (l-\ — J 

JExample : The following table gives the amounts and present 
values of 1 for a number of intervals of time, the rate of interest 
being 1 per-cent per interval : — 



No. of 
Intervals 


Amount = (1*01)»» 


Present Value 

=(i-oi)-»» 


1 


1-010000 


-990099 


2 


1-020100 


•980296 


3 


1-030301 


•970590 


4 


1-040604 


•960980 


5 


1-051010 


•951466 


6 


1061520 


•942045 


7 


1072135 


•932718 


8 


1-082856 


-923483 


9 


1-093685 


•914340 


10 


1104622 


•905287 


11 


1115668 


•896324 


12 


1-126825 


•887449 



Now (l'Oiy=(l+^^—^j "*, so that the value of (101)»* 

in the above table gives us the amount to which 1 will accumulate 

in the time — at the rate of interest m x 01 convertible m times 
m 

a year. For instance, if w=2, and 7i=6, we learn that the 

amount to which 1 will accumulate in 3 years, the rate of interest 

being 2 per-cent payable half-yearly, is 1*061520. In the same 

way, if w=4, the amoimt to which 1 will accumulate in 3 years, 

the rate of interest being 4 per-cent convertible quarterly, is 

1*126825. Similarly for present values. 
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(13) When a sum is payable at some future time, we have seen ExpUnation of 
that its present value is such a principal as, when put out to interest 

for the given time at a given rate of interest, will amount to the 
given sum at the end of the given time. The difference between the 
given sum and its present value is called the discount, and will be 
given by the general formula. Discount on sum payable at some 
future time = sum payable less present value of sum payable. 

(14) Taking 1 as the given simi, n as the number of years FormuiMfor 
before it is due, i as the nominal rate of interest, and m as the 
nimiber of times in a year interest is convertible, then 

_—nm 

discount 



Disoount. 



— 0-:) 



If i is taken as the effective rate of interest, so that interest 
is only convertible once a year (w=l), then if the number of year« 
= 1, we have 

discount =1 — (l-|-«)~* 



l-^i 



And if we denote (l-\-t)~^ by v, we have discount =l — i;=*2;, 
which will therefore be the discount on 1 due a year hence, when 
the effective rate of interest is i . This value is, for convenience, 
frequently denoted by the symbol d. 

Since the discount for a year = iv, we see that it is equal to the 
interest for a year, not upon the original principal 1, but upon its 
present value v ; and this suggests another way of considering 
discount — ^namely, as the accumulated interest on the present 
value of the principal. Thus the interest accumulated on a prin- 
cipal of 1 at the end of n years being (1+i)**— 1, and the present 
value of the said principal being (1 + i) -^ or v^y the discount on 
the said principal would be {(l^-^)'*-— 1} xv^=l—v^. 

At simple interest — that is, where interest is only charged on 
the original principal — the discount on a sum 1 due n years hence, 
would be' 

1— present value of 1 

ni 
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Sifloount. 



Oeometrioal 
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simple and 
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interest and 
discount. 



In ordinary trading, the method of calculatftig discount is 
neither of the above, the custom being, if « be the number of years 
hence the principal of 1 is due, and i the rate of interest, to con- 
sider ni as the " discount." This is equivalent, it will be seen, to 
considering discount as denoting, not the simple interest on the 
present value of the principal, but as denoting the simple interest 
on the principal itself, so that when ni is greater than 1, the trade 
discoimt would be greater than the sum itself. 

(16) Thus, taking i as the annual effective rate of interest, 
we have the discount on a principal of 1 due n years hence 
denoted 

(1) When taking compound interest, by 1 — (1 -h » )"**= /i f '\ — » 

(l + »)* 



(2) 

(3) In trade 



simple 



>> 



by 



m 



l+ni* 
ni. 



Example : Let 1 be the sum due 10 years hence at 6 per-cent 
interest, then • 

(1) Discount at compound interest=l — (1*06)"^^ 

= •44161 
6 



(2) Discount at simple interest = 



(3) Trade discount 



16 
= •37500 
= •6. 



The incorrectness of the method of calculating discount used 
in ordinary trading is easily shown by taking the extreme case of 
n=:oo, that is, where the principal is due an infinitely long time 
hence. In both (1) and (2) the discount becomes equal to the 
principal itself, but in (3) the discount becomes an infinitely large 
quantity. 

(16) A general illustration of the formulas for amounts and 
present values may be shown as follows : — 

Taking a system of co-ordinate axes OX and OY (Figure 1), 
let us take OS on the axis OIT as equal to 1, the principal, and 
let us take on the axis OX the lines OAi, OA2, OA3 ... to the 
right of OY, &c., and OVi, OV2, OV3 . . .to the left, to denote 
1 year, 2 years, 3 years, &c., respectively. Then if we take 
ordinates ^iPi, A2P2, A3P3, &c., equal to 1-|-*, (1 + 0^, (l-\-iy, 
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Ac., to the right of OT, and ordinatea TiQi, T,^, Fj^, &e., 
ordinates to the left, equal (1+*)"'. (1 + 0"'- (1+0"^ *«■. 
respectively, the series of ordinates to the right will represent the 
amovint of 1 in 1 year, 2 years, 3 years, &«., respectively, at the 
rate of interest i ; and the series to the left will represent the 
present value of 1 due at the end of 1 year, 2 years, 8 years, 
&c., respectively, at the same rate of interest. 

The points P,, Pg, Pa, &e., and Q„ ^, ft . . Ac., are all 
points on the curve whose equation is 



commonly known as the Logarithmic i 

that equidistant ordinates are in geometi 



rve, whose property i 
progression. 



Figure 1. 
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If on the axis of x we measure off to the right of OY a line 
OA to denote any interval of time, whether consisting of an 
integral number of years or a fractional number, then the ordinate 
PA will denote the amount of 1 in the given time at the rate of 
interest i. Similarly, if OB he measured off to the left of OY, 
and equal in length to OA, then QB will denote the present value 
of 1 in the given time ; and If a line he drawn through S parallel 
to OX, and cutting Q,B produced in M, then MQ denotes the 
discount corresponding to such present value. 

Again (Figure 2), if we take Oai=Ovi=\, then the ordinates 
PiCi and j|Ci would respectively denote (l+»)* and (l+t)"*, that 
is, the amount and present value of 1 for a period of half-a-year 
at the effective rate of interest i. 
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(Figure 2). 



[Chapter I. 




If, however, aipi be produced to p'^ so that aip'i=^l-\- -, and 
if the other ordinates be produced so as to be equal to ( 1+ ^ j > 

flH--j , (1+t)j &c., respectively, then another logarithmic 

curve would be formed, whose ordinates to the right of OT' would 
denote the amount of 1 in the time denoted by the corresponding 
abscissa, at the rate of interest * convertible half-yearly. Simi- 
larly, the ordinates to the left of the axis OT would denote the 
present value of 1 corresponding to the time represented by the 
corresponding abscissae, interest at the nominal rate * convertible 
half-yearly. 

The equation to this second curve would be 



-o-r- 



In a similar way, any number of curves might be drawn, with 
similar properties, the general form of the equation being 



i\mx 



where ^ is a positive integer. 

If in the equation y= r H — j we take w to be infinite, — 

that is, assume interest at the nominal rate i to be convertible 
momently, — then, since we know that the limiting value of 
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( 






m 



1 + — ) is €*, we get as the equation to the curve in this case 



:ao 



y= 



ftO? 



Giving to a any positive value, the corresponding value of y 
would be the sum to which a principal of 1 would amount in the 
time ar, interest being convertible momently at the nominal rate i ; 
and the present value of 1 due at the time a hence would be the 
reciprocal of this value of y or €"**. 

Again, at simple interest (Figure 3), taking, as before, a system 
of co-ordinate axes OX and OYy let O-dti, OA2, &c., measured 
along the axis of a, denote intervals of 1 year, 2 years, &c. ; then 
the formula for the amount of a principal of 1 at the end of x 
years, i being the rate of interest, is, if we call this amount y. 

This is the equation of a straight line cutting the axis 01^ at 
a distance 1=:0S from O, and inclined to the axis OX at an 
angle =Ta«~U*, that is, an angle whose tangent =». 

(Figure 3) . 




The ordinates Pi-4i, p2^2, &<5-> drawn as in the figure, will 
respectively be equal to 1+*, 1-1-2**, &c., or the amount of 1 at 
the end of 1 year, 2 years, &c., respectively. 

Again, the present value of a principal of 1 due x years hence 
would be given by y in the equation 

1 



l-htar 



C 2 
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mn 



This is the equation to a hyperbola, of which OX is one 
of the asymptotes, that is, touches the curve at an infinite 
distance from the origin O, and is denoted in the figure as 
regards the part for positive values of x by the curve Spip^P^PA 

the ordinates p\Ai, ^2-^2, &c., being respectively equal to :rv". > 

If we draw a line through 8 parallel to the axis OX, and 
intersecting Pi Ai, P^ A^, &c. in mi, m^, &c. respectively, then 
the discounts at simple interest for 1 year, 2 years, &c. are respec- 
tively denoted by nii pi, m2 p2, &c., and the commercial discount 
for the same terms by Pj mi, P2 ^, &c. 

Again, taking the curved line passing through S and Pi in the 
figure to denote the logarithmic curve y=(l-|-t)*, it will be at 
once seen that for terms less than 1 year the compound interest 
is less than the simple interest for the same term, but greater 
than the simple interest afterwards by the quantities denoted by 
the lines Q2 P2, Qs P3, &c. 

(17) Taking the general formulas y = [ IH — j 

y= ( IH — 1 for amounts and present values respectively at 

compound interest, we see that there are four quantities involved, 
y, i, m, and n; so that, given any three of those q\iantities, it 
might be inferred that the fourth can always be obtained. There 
is one case, however, when this can only be approximately done, 
namely, in the case where y, i, and n are given, and it is required 
to find m. In this case the equation takes the form. 

Constant =^(a:)^. 

For if y, i, and n are given, and we call x the required value of 
m, we have 

Known quantity, or constant = ( H — ) 

if we denote [ 1 + - J by <f>(x), a function of n whose form is known. 

This equation cannot be directly solved; and it is proposed to 
consider it further on, in dealing with another part of the subject. 



and 
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With the other cases there is no difficulty ; for we have 

• { \inn 

(1) », m, and n given, y = ( 1 + - j > 

logy 

(2) », niy and y given, n= ^ , 

^log(l+-j 

(3) m, n, and y given, log M + ^j= ^^^ ' 



wn 



Example: Let y= 1126825, 

n=3, 

i= 04, 

the ahove formulas would give 

(1) «, w, and i given : y=(101)*2; 

.-. logy=12 log 1-01 

= 12 X 0043214= 0518568 ; 
.-. y=1126825. 



^ . . log 1126825 

(2) y, m, and * given : n= |, ^.^^ 



log 

_ 0518568 
"" 0172856 

=3. 

, . . .(i ylogri26825\ \ 
(3) y, w, and n given : »=4|log-^(^ — j-1 1 

=4(log-i •0043214-1) 

=4(101-1) 

= 04. 

(For further Illustrations of this Chapter, see Chapter V.J 
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ANNUITIES CERTAIN. 



INTEREST CONVERTIBLE YEARLY AND ANNUITY PAYABLE YEARLY. 



Oenend (18) The word annuity is employed to denote a series of pay- 

<»pl>iuttion of 

AnnuitiM. ments at stated periods or intervals of time, the said payments not 

necessarily being of the same magnitude. Annuities are of two 
kinds, those which are for certain fixed periods, and those which 
are dependent on some contingency — such, for instance, as the 
existence of a particular life. It is the former kind only that 
is now to be considered. 

When the interval of time which has to elapse before the 
first payment becomes due is greater than the stated interval 
between the payments, the annuity is said to be deferred; and 
when not greater, the annuity is said to be in possession, or to begin 
to accrue, and is called an immediate annuity. Unless otherwise 
stated, the interval of time to elapse before the first payment falls 
to be made will be understood to be equal to the interval between 
the payments. 

The magnitude of the periodic payments is generally described 
by stating how much is payable in the course of a year, that being 
the unit of time, and this should always in strictness be accompanied 
by a statement as to how often during the year the payments 
are to be made. Thus an annuity of 1 payable half-yearly, or by 
half-yearly instalments, would denote a series of payments of i 
each, the first payment to be made a half year hence, and the 
following payments at the end of the succeeding half years. An 
annuity of 1 payable half-yearly, deferred 5 years, would denote 
a series of payments of i each, the first payment due, not 6 years 
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hence, but 5i years hence, the time it is stated to be deferred 
having reference to the interval which must elapse before the 
annuity begins to accrue and comes into possession, or becomes 
an immediate annuity. An annuity-due is an annuity where the 
first payment is at once due and payable, so that an annuity of 1 
payable half-yearly deferred 5 years may be otherwise described as 
an annuity due deferred 5^ years. 

As it is always assumed that money is bearing interest, 
it is clear that if the periodic payments constituting a given 
annuity are not paid as they become due, but are, for instance, 
all paid at a given date, then, if the given date coincides with 
that on which the last payment becomes due, all the preceding 
instalments will fall to be paid with interest to that date from the 
time when they respectively became due. The sum thus payable is 
called the amount of the given annuity. If, on the other hand, 
the given date coincides with the date from which the annuity runs 
or begins to accrue, or with any previous date, then all the instal- 
ments will fall to be discounted, and the sum thus payable is called 
the value at the given time of the given annuity. When the 
present time is taken as that from which discount is computed, 
the sum payable is called the present value of the annuity. 

This process is called capitalization, and thus we have the 
capitalized amount, and the capitalized value of a given annuity. 

It is usual to speak of the present value of an annuity as 
equal to so many years' purchase, — that is, so many times the 
amount receivable in respect of the annuity in one year. Thus, if 
an annuity where the amount receivable yearly in respect thereof 
is £100, be estimated to be of the present value £2,725, the said 
annuity may be described as worth 27i years' purchase. As we 
shall generally consider 1 as the amount receivable yearly in 
respect of the annuity, the present value of the annuity will, in 
all cases, give at once the number of years' purchase. Thus, if 
the value of an annuity of 1 for a given number of years at a 
given rate of interest be, say X, the said annuity may be described 
as worth X years' purchase. 

(19) Let the annuity under consideration be one where the 
sum 1 is payable at the end of each year for n years from the 
present time, and let us first take the case where simple interest is 
allowed at the rate i per annum. 



Amounts and 
present TslaM 
of Annuities. 



Amount of 
Annuity at 
simple interest 
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At the end of n years the payment due 1 year hence will amount to 1 + (n— 1) 
„ „ 2 years „ l + (n-2) 



PkVMBt Taliia of 
■inipl* intcrect. 



>» 



tt 



w 



n— 1 years 
ft 



M 



>l 



>> 



1 



and the capitalized amount of the annuity — or, briefly, the amount 
of the annuity — at the end of the n years will be the sum of the 
series 

H-(l+0 + (l+20+ • • +{H-(^-2)»} + {l + (n-l)e}, 
an arithmetical series whose sum =n+ ^^.•. 

Similarly, proceeding to find the capitalized present value — or, 
briefly, the present value — of the annuity, we have 

Present value of the payment due 1 year hence = :r-T— . 



» 



i> 



ft 



>i 



2 years „ = 



3 I, y, 



l-h2» 

1 

l+3» 



IHffloultiat 
ftttendin|r the 
ftMiunption of 
•imple interett 
in tlie theory of 
Annuitiee 
Certain. 



tf 



>» 



>i 



)) 



^— 1 >i « = 



l + (n-'l)i 
1 



n 



it II 



l-^-ni' 



Hence the present value of the given annuity is the sum of the 
series 



1 , 1 

~ "T" 4 . rt • I • • • 



1 + i ' 1+2* 



+ 



-. + 



l-h(w-l)* ^ l-^ni' 



(20) No convenient formula for the sunmiation of this series 
is obtainable.* If, however, we consider that where there are two 
annuities of exactly the same kind, both as to magnitude and 
duration; and that in the one case the payments are allowed 
to stand over at interest until the last becomes payable, and in 
the other case the payments are in the first instance discoimted, 
and their present values then put out at interest at the same rate 
until the end of the term for which the annuity runs, the two 



* De Morgan has given a formula wIuqVi w'lll be fQ\ixid in Chapter VI., 
Art. (75), 
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annuities should amount to the same, we ought to have the means 
of summing the above series. Adopting this line of reasoning, we 
have 



Discounted value of first payment 

and this will amoimt at end of n years to 



1 






Similarly, the discounted value of second payment = - — ^. , 

X -J" Jit 

and this will amoimt at end of n years to , 

^ 1+2*' 

and so on, the discounted value of wth payment being : , and 

1+we 

its amount at the end of n years :, or 1. Thus the sum to 

which the discounted values will amount at the end of n years 
will be denoted by the sum of the series 

l+ni l-\-ni l-\-ni l-\-ni 

^(1-h* 1-1-2* l-\-(n—l)i l-\-ni) 

= (1-|-»*)X, say. 

But the sum of this series is by hypothesis to be the same as that 
of the annuity which has been allowed to accumulate. Thus we 
have 

n . -Mr ^n.in-l) . (Art. 19) 



( 2 }\-\-m 



On trial the value given by this formula will be found too 
great, and it is clear that the theory of simple interest is not 
consistent with the principle of capitalization in its accepted form. 
Various attempts have been made to reconcile them, but the 
following considerations will be sufficient to show the difficulty 
involved. If the sum 1 is accumulated at simple interest for w— 1 
years, it will amount to l-h (n—V)i. If we call this S, and accu- 



26 



PABT I. — nrrsBEST. 



[Ouster n. 



Amoantof 
Annuity at 
oompoiuid 
interest 



mulate S for another year, the amount at the end of that year, being 
fi years from the commencement, will be S (!+»). 

Now S(H-0 = {l + (^-l)»}(l + 0> 

=l-h«»-h(n-l)t«. 

But by the theory of simple interest, the sum to which 1 will 
amount in n years is l-\-nt, and we see that the difference between 
1-hni-h (n—1)^ and l-\-ni is («— 1) j^, or the interest for one year 
on the interest accumulated at the end of n— 1 years. In other 
words, simple interest never allows any sum accrued or due as 
interest to be hereafter considered as capital bearing interest — ^that 
is, does not allow interest to be capitalized. It is for this reason 
that, in all questions involving the capitalization of annuities, 
the theory of simple interest is in practice never employed, and 
it is not proposed to make any further use of this theory in what 
follows. 

(21) We now proceed to treat of annuities at compoimd interest. 
Let us first take the simple case of an annual payment of 1 for n 
years, the rate of interest assumed being i. 

To find what the annual payments will amount to at the end 
of the n years by the operation of compound interest we proceed 
as follows : 

The first payment of 1 being payable one year hence will 
be bearing interest for n—1 years, and will therefore, since 
interest at the rate i is convertible once a year, amoimt at the end 
of n years (Art. 9) to (l-h /)**"* 

the second payment will amount at the end of n years to (1 + **)*»"* 



>> 



>> 



» 



t9 



„ (^—l)th payment will amount at the „ „ (l-h*) 

>, ^.th „ „ „ 1. 

The total sum therefore to which the annual payments will amount 
at the end of n years will be the sum of the series 

l-h(l-hO + (l + 0'+" ... + (l-hO~-». 

This is a geometric series whose sum is known (^Algebra- 
Oeometric Series) to be 

(l-\-i)n^l (i^.t-)»_i 



(1 + 0-1 



t 
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(22) As it is clear that the present value of the given annuity 
ought to be such a sum as invested at interest will, at the end 
of the n years, amount to the same sum as the annual payments 
would together amount to at the end of the n years, if they 
respectively bear interest from the time of falling due, we have 

Present value of annuity x (l + t)"= amount of annuity 

_(i+0''-i. 



t 



Present value of annuity 



(1 + ,•)»_! 



_l-(l+») 



— » 



Pzetent Tftlue 
of Annuitj ftt 
oomponnd 
interett. 



This result would follow at once, as the sum of the geometric 
series representing the present values of the respective payments, 
namely, (Art, 30), 



-.+ 



1 + * 
Let us denote 



(1 + iy 
1 



+ 



+ + 



1 + * 



(1 + 0' 
. by the symbol v, then 



(1 + 0*** 
1 

(i+0~ 



= t?». 



1—v^ 



and the formula for the present value of the annuity is 

which we will denote by «i^ . 

It will be desirable to give some consideration to the formulas 
just obtained. 

w 

(23) Another way of deducing the formula in question is as Another method 
follows. The sum 1 will produce an annual payment of e, being formulae for 

ftiuiuitiee« 

the interest thereon for a year, so long as no portion of the said 
sum is repaid. Thus it is clear that a capital of 1 is equivalent 
in value to an annuity of i for n years, together with the sum 
now necessary, when put out at interest, to amount to 1 at the 
end of n years : that is, 

_1 — 1?» 

t 

Similar reasoning will give the formida for the amount of an 
annuity. For as 1, by the operation of interest, amounts to 
(1-f **)** at the end of n years, we have 
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Amount of an annuity of i for n years + original capital of 1= (1 -f *)** ; 
Amount of an annuity of i for n years = (1-f O**'"^ > 

.'. Amount of an annuity of 1 for n years = : . 

This process of reasoning will be found extremely useful in the 
deduction of various formulas. 
The present (24) Let US, as before, denote the present value of an annuity 

▼alneof aa 

annuitjif . 1 — v^ 

invested at same certain for n years, i.e., — : — , by the symbol «^ ; 

rate of interest *^ t 

as the annuity 

is calculated, -. ^ 

will exactly . i ■. ^ ~^ '^ . o • • ^ 

providethe SO that «tTl = : — =^V-\-V^-\- . . -\-V^ ) 

annual payments ^ 



as they become 
due. 



.•. at the end of one year the amount to which an\ would accumulate 
at interest is 

Thus at the end of the first year there would be in hand the 
first annual payment of 1 of the given annuity, and in addition 

the sum 

v-\-v^-\- . . -|-t?»-i=a^:ri|. 

Similarly (l+i)a:;;z:T\=il-\-v-\-v^-\- . . +t?»»-2 ; 

so that at end of second year there would be in hand the second 
payment of 1, and in addition the sum 

Similarly, at the end of t years there would be in hand the ^th 
payment of 1, and in addition the sum 

At the end of the (n—l)th year, there would be in hand the 
(7i— l)th payment of 1, and in addition the sum v, which, accu- 
mulated for the last or nth year, will provide the last annual 
payment of 1. 

Thus we see that if a person entitled to an annual payment of 
1 at the end of each year for n years accepts in lieu thereof a sum 

1— 17» 

down = — : — , and invests this sum at the same rate of interest 
t 

i, it will exactly provide the annual payments as they become due. 
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(26) Let US now consider the other case — ^that of a person ad- Euh ubmI 

porawnt tg Iw 

vancing the sum — : — , in consideration of receiving at the end putijnrayiDsni 
of each year for » years a payment of 1. At the end of the first on »pitai 



year, the i 



At the end of second year, . 



I invested should yield a year's interest, that is, 

=1— p" ; and as the total amount then received is 1, the 

" must be considered as capital repaid. As the original 
capital was v+^+ . . -f-v»-' + P", and o" is repaid at end of first 
year, the capital still outstanding will be 

v+t^+ . . +«"-'= ~''. ■ ■ 

i year's interest ntll be due on 

This is equal to ix ; — =1— c""', leaving, as 

before, ii"~' out of the total amount 1 then received to be consi- 
dered as capital repaid, and : — as the capital still outstanding. 

Similarly, at the end of the ^th year, the portion of capital repaid 
out of the annua! payment then made is »"-'+', the sum to be 
treated as interest for that year being 1— «"-'+", and the capital 

l_t,n-( 

stitl outstandii^ : ^«^r(|. When t^n, the interest for 

the year is 1— 1», and the capital repaid out of the mth payment 

is V, the capital still outstanding being — ;— =0. 

The aecompanying figure will serve to illustrate the formula 
for the value of an annuity for n years payable yearly : — 



H hv' .->? 
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Each payment of 1 is here partly denoted by and partly 

by # # # #, the lines and # # # respectively representing 

the portions of each annual payment appropriated to repayment 
of capital, and interest on capital, respectively. It will be seen that 
the line joining the respective points of division forms a curve. 
This curve is what is known as the logarithmic curve, its property 
being that the ordinates corresponding to equidistant abscissae are 
in geometric progression. Thus taking v^, «;»-i, &c., correspond- 
ing to the abscisssB, n^ (^—1), &c., we see that they are in the 

constant ratio to one another of - or {l-\-i), 

V 

Bedemptioii of (26) It appears from the preceding demonstration that when 

capital by 

Aoiwimnlating , , 1 — fj^ 

SinkiBg Fund, the capital invested in the purchase of an annuity is — : — , the 

t 

portion of capital repaid out of the first payment of the annuiiy 

is t?*. If, therefore, the capital invested in the purchase of an 

annuity be 1, the portion repaid out of the first payment of the 

v^ 1 

corresponding annuity will be = ., . .. , and the annual 

^ ° "^ 1—v^ (1 + 1 

• • 

payment for n years which 1 will purchase will be . ^^ — - 

t 

-h a year's interest on the original capital, i.e., , •>!»__ -i "'"*• 

t 

It may be easily shown that this is equivalent to -;;::•, as it should 



be. For we have 






(l-hf)>^-l ' (i + ^)»*_i 



1 _ 1 

1— «?*~«^ • 
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Let (! + »)*— 1 = P;i| , then we have 



=P^{l + (H-0 + (l + 0'+ • • . +(!+*>"'}• 

If, therefore, a capital of 1 be invested at a rate of interest i in 
the purchase of an annuity for n years, the amount of each annual 

payment will he — = P^ -|-t. 

^»1 



The portion of the capital of 1 
repaid out of annuity received at V first year will be P;n 
end of the / 



I 



» jf }i 



>> >> >> 



second „ P;q(l-ht) 
third „ P^(l + 0' 



>» >> j> 



» >i j> 



nh „ P^-,(l +*)<-! 

nth „ Pn|(l + 0*'~' 



As regards the borrower, — that is, the person who contracts to 
pay the annuity, — the capital of 1 may be said to be borrowed at 
the rate of interest i, to be repaid by means of an accumulating 
sinking fund of P^ per annum. 

(27) Out of each annual payment of P^i -h * which a capital of 1 Values of An- 

,..,,, , . "t • nuities when th« 

will purchase, it will be seen that we may consider t as constituting: remunerative 

, °_ rateofinterett 

interest on capital, and P;^ as appropriated to repayment of the SV^*S?**tfi 
said capital, since the payments P^ immediately invested at the 2**hi?S** 
same rate of interest * will have accumulated at the end of the 5SSw^uo« 
n years to the capital 1. Suppose, however, that the person *^« Capital, 
who proposes to invest his capital in the purchase of an annuity 
desires to provide against the contingency that he may not be able 
to re-invest the portions P^ of each annual payment at the same 
rate of interest as that which he is receiving upon his capital : in 
other words, that he seeks to secure that the whole of his capital 
shall be invested for a time equal to the duration of the annuity at a 

given rate of interest. It is clear that the formula a^ = — -. — 
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would not under these circumstances apply. If, however, the rate 
of interest desired to be received upon the capital be taken as i\ 
and that at which re-investments can be made be taken to be e, 
so that P^ will be determined from the formula 

l=P^{l+(l + + (l + ^)^-h . . .^+(1 + 0*^-*} 
(l4.,-)n_l 



=1^ 



I 



then we shall have, denoting the value of an annuity of 1 by a'n|, 



^ »l — dZT"! ^ • 



payment to be 
oontideredat 
providing 
intereet, at 
remunerative 
rate, on entire 
eapital, and 
ainlring ftmd 
instalment for 
aocumolation 
at reproductive 
rate of interest. 



The advantage of the general formula a^^ = — ; is that it 

brings into prominence two most important points : — 

1. That each annual payment is made up of two portions, 

one portion consisting of interest upon capital, and 
the other forming a constant or uniform sinking 
fimd to be re-invested so as at the end of the time 
to have accumulated to the original principal. 

2. That the rate of interest at which the annual instalments 

of sinking fund are invested as received may or inay 
not be the same as that which the capital bears for 
the time being. 

We have now to consider what portion of the sum originally 
advanced under these conditions will be paid off at the end of each 
year. In the ordinary case, where the capital outstanding and the 
sinking fund for accumulation to replace the capital are bearing 
interest at the same rate, the matter is simple enough, as already 
shown; but the case under consideration has to be differently 
dealt with. Effect has to be given to the stipulation that the 
entire capital originally invested has to bear interest for the 
whole period of the annuity at one rate of interest, whereas the 
sinking fund for accumulation to replace the capital bears another 
rate of interest. 

Now at the end of the first year :^- — -, being the sum invested 

SO as to bear interest for the entire n years at the rate i\ the sinking 
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fund for accumulation is 1 — =r r, = ^ . ., , and at tlie end of 

tlie first year the value of the (^—1) future payments of 1 annually 

under the same conditions is =r n , so that the amount of capital 

P„-i| + i 

really paid off at the end of the first year is ^^ — ^ ., 

•tTi]*!"* -t n— 1| "T * 

where Pt^i| ^^ -, =1 . In other words, if at the beginning 

of the second year the borrower wished to cancel the contract, 
— 7, is the sum down he should have to pay, as it would be 

considered that =r- — r, — ^ r, had been repaid at the end of 

the first year. As a matter of fact, at the end of the first year the 

lender receives a payment of 1 composed of — 7, on account of 

p-, 
interest on his capital, and r^- — 7, as the instalment of sinking 

P?t1 H"* 

fund for accumulation, but we cannot consider the amount paid 

p^ 
off as ., because effect has to be given to the stipulation that 

-tn] "T * 

interest at the rate i' has to be paid on the entire capital for the 
whole period of n years. We shall now proceed to show that if 

1 1 Pnl 

7, be denoted by V, then — — ^, , the instalment 



P^-h*" P^3i]+^' ' ' P^-hi 

of sinking fund for accumulation, is equivalent to 

that is, is equivalent to the amount actually repaid at the end of 
the first year, together with the present value of an annuity at the 
rate of interest i for the remaining 11— 1 years of the difference 
between the interest on the amount repaid, calculated at the 
remunerative rate i', and the reproductive rate i respectively. 
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.•.P;jl{H- (1+0 + (!+«)"+• •+(l+»)"-'}=l'«-il{l+(l+») + (l+0*+. •+(! + » 

.•.Psi{(l+»)-"-"+(l + 0-'-''+--+l}=P^{(H-«)"'"-"+(l+») ■'"-"+••(! + 

.-. Ps;(l+«,7Zi|)=P;jZi]a„-_ii 

1 Pfl 



■'• ''re-ll ^ 



Also, V= 



Psri]+» P^zT)— P^' 
1 Ps::il-P;ri 



Psi + »•' p^! + «•' (Piji + »•') (Psm + i') ■ 



. y fir^H+t' PiTZTI— Pn' Pnl ^p ,.,. 

■ • Ps3ii+* - (Psi + »')(P^+«') ■ P«-:^-P«l ■ ^'^^'^+*^ 

_JP«j_ 

~P;;i+»'' 

Corresponding results may be shown to hold at the end of any 
year previous to the termination of the annuity. 

For instance, take the time when the ^th payment of annuity 
has just been made, that is, at the end of t years. We have 

P^,{l-h(l + «) + (l-h02 + ... + (l + 0""'=l 

.-. F:;i\{v''-'+v^''-' + .. + V'\-l + 0' + i) + (l + ty + .. + il + iy-'} 

.-. Bn] . Unz:^ + ^^ V 1 =P;^| . «7T=?i 

1 « 



.'. a;j:3f^= 



P^ + e P,^— P,[i 

Denoting by ^V the amount that may be considered to have 
been repaid by the end of t years, we have 

' Pj1+»' P^,+»' 

Pw-f| ""PiT 

""(P^i+0(JP.^+0' 



and we have ^V ( 1+ =r — . ) =<V. -^ --7 . 

Substituting for - its value obtained above, 

Jr'n-ti + * 
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^,(1 + »•)'-! 



n\ 



viz., — — — — , we get ultimately 

(l'^ + 1 )rn\ : 



'K^v^+iJ (P,7i+»')(P»-«i +»■')' P;r=^-P5i 

P,:i (i+ty-i 

Psi+»'' i 

If »■'— 1=0, that is, if there be only one rate of interest both 
for remuneration and re-investment, the amount to be considered 
as repaid by the end of t years will be exactly the amount accu- 
mulated in the sinking fund, that is, 

P;q (1+iy-l 

1^^ + i 
(28) Reverting now to the formulas of Articles 21 and 22, if Amounts and 

. present values of 

7i= 00 , the formula for the amount of an annuity becomes perpetuities, 

(1 + 0°°-! 
»• 

that is, an infinitely large quantity. 

The formula for the present value of the annuity becomes 



(tea —" . 5 



and as t? is always less than 1, v"^ will become less than any finite 
quantity, and thus the value of a perpetual annuity will be «« = - . 



The present value of a perpetual annuity or a perpetuity may be 
otherwise obtained. For, using the method of reasoning of Art. 23, 
a capital of 1 is equivalent to the present value of an annuity of i, 
together with the present value of the said capital at the end of the 
term. The term being in this case of infinite duration, the present 
value of the capital is 0, and 1 therefore is equivalent in value to a 

perpetuity of *, so that the value of a perpetuity of 1 will be -, . 

D 2 
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^xaihBT (^) Taking again the formulas for the amount and present 

tStr^M foi value of an annuity for a term of n years, we have 

amounts and 

praiMitTalaM /i , v\n i 11 

ofaoniiitiaa. iiiO^Ili =(1^- A» x - — - 

» i i 

= (1 + ^)~{« -h t?a + . . + e?»»+ ^?'»^-> + . . a<? *V-} — - 

= Amount of an annuity for /* years -f - — r 

= Amount of an annuity for n years. 

l-t,» 1 1 

Similarly, — : — = -—«?» x - 



t 

= y+i;2+ . . 4.t,»4.t,n(^_l_y2-j_ , ,adinf,)''V^x - 

t 

= Present value of an annuity for n years + v^i - — i?** x - 

= Present value of an annuity for n years. 

Oonneotion The connection between the amount of an annuity for n 

aonuitieaforn years and for n+1 years, is easily seen as follows : — 

and n+1 yean. 

i+(i+0 + (i+0'+- .-h(i+0'* 

=i+(i+o{i+a+o+(i+**)'+..+(i-fo~-'}» 

or 

Amount of annuity for (^-hl) years 

=1 4- (1 -h ^ Amoimt of annuity for n years. 

Similarly, for the connection between the value of an annuity for n 
years and for n-\-l years, we have 

or «M^=f(l-l-«;fl). 

Let us now suppose the annual payments, instead of being due 
at the end of successive years, to be due at the beginning of each 
year, then the amount of the annuity will evidently be the sum of 
the series 



Formulaafor 
annuitiea 
pajraUein 
adTanoa. 
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or 

Amount of annuity in |^ __ J Amount of annuity for («+l) 
advance for n years j I years — 1 . 

Similarly, for the present value of the annuity in advance, we have 

1-f t>+t?2-h . . +f''*-»=i-i-«;r:ril, 

or 
Present value of annuity ) __ j Present value of annuity for 



}={ 



in advance for n years j I n — 1 years -|- 1 . 

As annuity tables are usually calculated on the assumption 
that the payments are due at the end of each year, the above 
formulas enable us at once to deduce the corresponding annuities 
when the payments are due at the beginning of each year. 

Again, for the value of a perpetuity in advance, we have 

Value of perpetuity in advance=14-t^H-v2-|-&c. . . ad inf. 

t 

l-f» 



^ = i (Art. 14.) 



iv 1 — V d 

(30) We have hitherto only considered annuities where the Annnitiet whoM 
payments are made at the end of each year, but it is possible that exact number of 
the circumstances may be such that the annuity is to run for a 

given number of years and a portion of a year, say, — th of a 

year. 

If we take the ordinary method of calculating such an annuity, At ordiBwiiy 
there would be payable in the (n-l-l)th year, at the end of the 

interval — of a year, the sum — , and the present value of such an 
m m 

annuity would be denoted by the sum of the series 

1 1 1 1 

fn m 

If we employ the method of reasoning already made use of, that is, 
to consider 1 as equivalent to the value of an annuity of the interest 
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for the term, together with the present value of the capital at the 
end of the term, we shall have 

1= Value of annuity of i for ln-\ — J years -I- v'^'^m . 

Now the interest on 1 for each of the n whole years would be », 

and for the — th part of the (n-hl)th year, the interest accrued at 
m 

1 . - 

the end of the — th part of the (w-|-l)th year would be (l-j- *)"*—!, 

on the assumption of compound interest (Art. 4) : hence we shall 

have 

i 1 1 

1 



or t 






If we take or~T\ to denote an annuity consisting of n annual 

m. 

1 

payments of 1, and a further payment of ^^ -. at the 



end of the ~th part of the ^-M|th year, we should have 



ia , l!=l — y**+m 
1 _!,»+- 



As already stated, the ordinary practice would be to pay 

— at the end of the — th part of the {n-\-V)i\i year, i.e., in pro- 
m m 

portion to the time elapsed, whereas, if the payment then made be 

^^ 7 , it would bear the same proportion to a year's payment 

as the interest accrued at the end of — th of a year bears to a year's 

m 

interest — that is, would be in proportion to the interest accrued. 

1 { (1-f «)"*—! 1 
Now (1-h^*)^ — 1.<— > and therefore -^ -. <— , so 

that the value of the annuity of practice would be greater than 

i— ^. (See Art. (6).) 

t 
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(31) If we have an annuity to run for n years, payment being Deferred 

Aiuiuitlee« 

deferred t years, then it is clear that its present value is denoted 
by the series 

= V* : — 

t 

And if the annuity is deferred ^ + - years, the present value would 

be V «a5^ . 

Similarly, the above deferred annuity may otherwise be con- 
sidered as equivalent to an annuity for w-}-^ years less an annuity 
for t years, thus — 

The present value of an annuity for n years deferred t years 
1— tJ»+* 1— t?^ 



If the annuity be a perpetuity deferred t years, its present 

value IS clearly v^x -7 = : — =«« —(^^ . 

% t t 

(32) As a numerical illustration of the preceding Articles of this Numerical 

illustratioiiB of 

Chapter, let us take in the first instance an annuity for 20 years, preoedingr 

articles. 

interest at the rate of 5 per-cent. So that ^=20, ^=05. 

(a) Let us first find the amount and present value of the ArticieaBi 

and Zi, 

annuity from the formula (Art. 21 and 22). 

A . ^ -f (l-OSr-l T3 , , l-(l-05)-«> 

Amount of annmty= ~-prz . Present value = ^- — - — . 

^ 05 05 

We have log 1*05 = 0*021189 .-. log (105)-^ =1-978811 

20 log 105 = 0-42378 log (105) -«>= 1-57622 

(105)«'= 2-6533 (105)-2<>= -37689 

(105)«>-1= 1-6533 l--(l-05)-«>= 62311 

(1:2^1 =33066 ^-(^f°° = 12-4622 

05 05 
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Again, present valoe of annmtT= (1-05) '• X amoont of annuity, 

log 33066= 151938 
log (105)-*= 1-57622 

109560 =I<^ -"12-462. 

AftfdM HM, (5) Let us now consider tbe purchase of such an annuity from 

the point of view both of the person who buys it and of tbe person 
who g^rants it. The former we will call tbe lender, the latter 
the borrower. 

The lender advances the sum of 12*4622 in consideration of 
receiving from the borrower a payment of 1 at the end of every 
year for 20 years. 

Tbe borrower, in consideration of an advance of this sum of 
12'4622, undertakes to pay 1 at the end of every year for 20 years. 

Now, the borrower considers the payment of 1 made 

At ^ /^ "^ /^ interests r. ^ t^ ,^^^ 

^/i / \ 4.^ -«« / \ «* K / \ in repay- / V still 

dP C ^ ] iM^ [ '^231 ] ^r- C ""^ ^2-4622 and -3769 ] ment of [ leaving 120853 ] nn-^ [ =, 



jearj K. J K. cent 



advance \ / paid 



„ 2 „ -6043 „ 120853 „ 3957 „ „ 116896 

,, 3 „ -5845 „ 11-6896 „ -4155 „ „ 11*2741 

„ 4 „ -5637 „ 11-2741 „ 4363 „ „ 10*8378 

„ 6 „ -6419 „ 10-8378 „ 4581 „ „ 10*3797 

„ 6 „ -5190 „ 10 3797 „ 4810 „ „ 9*8987 

„ 7 „ -4949 „ 9*8987 „ 5051 „ „ 93936 

„ 8 „ -4697 „ 9*3936 „ -5303 „ „ 8*8633 

„ 9 „ -4432 .„ 8-8633 „ 5568 „ „ 8*3065 

„ 10 „ -4153 „ 8*3065 „ 5847 „ „ 7*7218 

„ 11 „ -3861 „ 7-7218 „ -6139 „ „ 71079 

„ 12 „ -3554 „ 7*1079 „ 6446 „ „ 64633 

„ 13 „ -3232 „ 6*4633 „ -6768 „ „ 57865 

„ 14 „ -2893 „ 5-7865 „ -7107 „ „ 50768 

„ 15 „ -2538 „ 6-075S „ -7462 „ „ 4*3296 

„ 16 „ -2166 „ 4*3296 „ 7835 „ „ 35461 

„ 17 „ 1773 „ 3*5461 „ -8227 „ „ 2 7234 

„ 18 „ -1362 „ 2*7234 „ -8638 „ „ 18596 

„ 19 „ 0930 „ 1-8596 „ 9070 „ „ -9526 

„ 20 „ -0476 „ -9626 „ -9524 „ „ Ml 



12-4620 



NOTB. — ^The exact total should be 12*4622. Tbe di£ferenee arised from tbe 
fact that only 4 places of decimals have been used. 
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As regards the lender, matters would stand thus : — ^He will re- 
ceive 1 at the end of every year to be thus disposed of : '6231 interest 
at 5 per-cent on his capital, of 12*4622 and '3769 to be forthwith 
invested at the same rate of interest to be accumulated for the 
purpose of replacing the said capital by the time the annuity 
ceases. In this way the amount accumulated towards replacement 
of capital will be as follows : — 



At the>| 


end of M 


year 


; 


j> 


2 


» 


3 


» 


4 


j> 


5 


>> 


6 


» 


7 


99 


8 


99 


9 


>J 


10 


J> 


11 


>> 


12 


» 


13 


» 


14 


>J 


15 


» 


16 


J> 


17 


>> 


18 


>> 


19 


«• 


20 



'the amount accumu 
lated towards replace- 
.ment of capital will be^* 



99 



9t 



>> 



>> 



)> 



» 



>> 



>> 



>> 



>> 



» 



J> 



>> 



>1 



>» 



» 



» 



»> 



» 



>> 



>> 



>J 



>> 



>> 



>J 



>> 



99 



» 



» 



» 



» 



>> 



)> 



» 



>> 



)J 



>> 



» 



3769 

3769+105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 1-05 
3769+105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 
3769 + 105 



X -3769: 

X -7726: 

X 11881: 

X 1-6244: 

X 20825: 

X 2-5635: 

X 30686: 

X 3-5989: 

X 4-1557: 

X 4-7404: 

X 5 3543: 

X 59989: 

X 6-6757: 

X 7-3864: 

X 8-1326: 

X 8-9161: 

X 9-7388: 
X 10-6026: 
X 11-5096: 



= -3769 

•7726 

: 11881 

: 1-6244 

20825 

2-5635 

: 30686 

3-5989 

: 41557 

: 4-7404 

: 5-3543 

: 5-9989 

: 6-6757 

7-3864 

81326 

S-9161 

9-7388 

10 6026 

11-5096 

12-4622 



the amount annually re-invested '3769 is called the Sinking Fund 
for accumulation. 
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rtioie 27. (c) Let US now consider the case where the borrower, as before, 

pays 5 per-cent interest upon the capital, but it is necessary that 
allowance be made for the fact that the lender can only reinvest 
his money at 4 per-cent. In this case, it is clear that the amount 
of the advance must be reduced, or the annual payments by the 
borrower, extending over 20 years, increased. If we take the 
former case, then by Article 26 the amount of the advance will 

be given by the formula ^^'20: = ^ ^ ^^ . 

P20H-O5 



We have first to determine P20! from the formula P20] = (1*04)2<>— 1 . 

log 104= 017033 

20 log 104= -34066 

(104)20= 21911 

(1-04)20-1= 1-1911 

^ ^ =29-7775 and log P2ol = -log 29-7775= -1-473888 

= 2-526112;- 
/. P2oi= -033583 

Hence log a' 20] =log 77 zr= = —log '083583 

P2ol-}-'05 

= - 2-922118 
= -(-1.077882) 
= 1077882 

.-. a'20 = 11-9642 

As shown above, if the value of the annuity had been calculated 
in the ordinary way at 5 per-cent interest, its value would be 
^201 = 12-4622. 

The following table will show the state of affairs as between 
lender and borrower at the end of each year. 
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(i-04y-i 



Year. Interest received 
(t) at 5 per-cent. 



Sinking Fund for 

accumulation at 

4 per-cent interest. 



•59821 -I- -40179 

(being 5 per-cent on 11-9642) (being '038583 x 11 9642) 



2 


>> 


3 


>> 


4 


>j 


5 


» 


6 


>j 


7 


>> 


8 


j> 


9 


j> 


10 


>> 


11 


>j 


12 


» 


13 


>» 


14 


>> 


15 


>> 


16 


j> 


17 


S) 


18 


» 


19 


9> 


20 


»> 



>» 
J> 
»J 

5> 





S Kedemption 
^ Money. 


^'"^ -04 
r Accumulated 
= < Amount of 
v. Sinking Fund 


: 1 


11-6092 


-40179 


jj 


11-2366 


•81965 


» 


10-8462 


1-2542 


)> 


10-4362 


1-7062 


?» 


100059 


2-1762 


5j 


9-55201 


2-6651 


»> 


907902 


31734 


j> 


8-57986 


3-7022 


j> 


805483 


4-2522 


j> 


7-50238 


4-8239 


»» 


6-92072 


5-4185 


>> 


6-30813 


60373 


>» 


5-66220 


6-6805 


5» 


4-98103 


7-3495 


J' 


4-26208 


8-0454 


>' 


3-50274 


8-7692 


>» 


2-70015 


95214 


»> 


1-85118 


10-3042 


»» 


•952382 


11-1180 


» 


mi 


11-9642 



Thus, at the end of the first year, the lender receives 1, con- 
sisting of -59821 interest at 5 per-cent on his capital of 11 9642, 
and -40179 as sinking fund, to be accumulated at 4 per-cent 
interest, so as to reproduce his capital of 11-9642 at the end of the 
20 years. The amount of the said capital which may be con- 
sidered as still outstanding is — ■ 

1 19' "I" 'Oo 



= 11-6092, so that at the 



end of the year the borrower may be considered to have paid ofE 
11-9643- ll-6092=-3551 ; and it will be found that 



•3551 U + 



f 



•01 



Pr9!+04 



I =-40179. 



In other words, that the amount then in the sinking fund is 
equivalent to the amount that may be considered as actually 
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repaid, -|- value of an annuity of the difference between 4 per-cent 
and 5 per-cent interest on the said '3551 for 19 years, computed 
at the reproductive rate of 4 per-cent. 

1 l-(r04)-i» ,«,«o. 

— — = 13 i3o4 (for method of calculation, see above.) 



Pl»1 4- 04 04 

1+01 X =r-^——=1131334=log-i 0053591 

Pl9 4- 04 ^ 

log -3551 = i-550351 



l-603942=log-40174 
which is correct to 4 places of decimals. 

Similarly it may be shown, that at the end of any other year 
the like result obtains. 



ANNUITY PAYABLE AND INTEBEST CONVEBTIBLE AT THE SAME 
PEBIODS, THE PEBIOD BEING LESS THAN A YEAE. 

(33) We have hitherto assumed the payment of the annuity 
to be made yearly, and the interest to be convertible yearly ; and it 
is now proposed to consider the case where the annuity is payable, 
and the interest convertible, at periods of less than a year. 

PommiM for Let US Call that period — th of a year, and let the nominal rate 

unounts and pre- ffl 

Mnt values oz . . « 

umuities. of interest be assumed to be ar. Then, if we denote the correspond- 

ing effective rate of interest by i, we have 



( 



my V 



X 1 -^- 

m 



Thus the amount of an annuity of 1 for n years, payable by 

instalments of — at the end of each interval of —, will be 

m m 

denoted by the series 
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_ 1 (l-h^-)»~l 

w - 

(1 +,•)«_! 



(1) 



or, substituting for (1+*) its value ( IH — ) , 

(i+£) _i A + 1) _i 

1 V mj \ mj 



tn 



(}- 3- 



a 



(2) 



Similarly, the present value of the same annuity, 

_ l l-(lH-0-^ 
"' m i . . . 

(l + f)«-l 



(3) 



0? 



(4) 



The formulas (1) and (2) may be otherwise obtained as other methodic 

obtaining the 
follows: — 



formulas for 
amounts and nrc 
sent values of 



Principal of 1-|- amount of annuity of a? payable by instalments of lUSqiSes! 

a 1 

— at the end of each interval of — th of a year 
in m 

= Amount of 1 at the end of n years when interest at the 
nominal rate of x is convertible m times a year 



(' 



=fi+-r 

mJ 



Amount of an annuity of x payable by ' 



X 



instalments of — at the end of each 
interval of — th of a year 



m 






/ 



Amount of an annuity of 1 payable by ' 



instalments of — at the end of each 

m 

interval of — th of a year 






( 



1+-) -1 

mJ 



m 



X 
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Otherwise thus : — As the ioterest yielded by a capital of 1 at the 

end of — th of a year, the effective rate of interest being », is 
m 

(1 + e)"*— 1, a capital of 1 will yield a payment of (1 + 0"*~1 ^^ 

the end of each interval of — th of a year, and the sum paid in 

m 

the course of a year would he m{(l-\-i)^—l}, so that 

Capital of 1 + Amount of an annuity of m[(l-\- 1)^—1} 
= Amount of 1 at the end of n years 
= (1 + 0^. 

.-. Amount of an annuity of m[(l-\-i)^—l} ' 
for n years payable by instalments of 
{(H-e)m_i| at the end of each interval f =(\ + ^y-'^ 

of — th of a year 



/. Amount of an annuity of 1 for n years 

payable by instalments of — at the end 

m 



1 (1 + 0**-! 

>"~^ i 



' of each interval of — th of a year 

fn ) 

Similarly, if we denote the present value of an annuity of 1 for n 
years payable by instalments of — at the end of each interval of 

— th of a year by a^ , we have 
m 

Capital of 1 = Present value of 1 receivable n years hence, 

-}- Present value of annuity of the interest yielded 
by capital of 1 for n years. 

or, (l + 0"'* + ^^{a + 0"-l}^lr|*=l5 

(m) 1 1— (! + /)-» 

•*• ""^ = ;;; — i 

—Mm 



-(^-0 



X 
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The fonnula for the present value of the annuity could be 
deduced from the formula for the amount of an annuity from the 
consideration (Art. 22) that it should be such a sum as, accumu- 
lated at interest at the nominal rate x, interest being convertible 
m times a year, — i.e., at an eflPective rate i, — would amount to the 
same sum as the amount of an annuity under the same conditions. 

That is, denoting the present value of the annuity by a;^ , 



(1+-) - 



X 

—mn 



1 

(m) 



- (1+ -) 



But 



X 

[l+ -J =H-i, and x=m{(l + 1)^^-1} 

(m)_l l-Cl + O"** 



(1 + *)"»-! 
(34) If we now proceed to analyze the respective payments of Each payment to 

be conudered at 

the annuity, we see that the interest on the capital invested is at partly repay- 

*' ^ ment of capital 

\ and partly in- 

the end of the first period of — , tereat on capital 

'■ ffi outstanding. 

{(l4.^-)m_i}^-j or a-^ . 

and as the first instalment of the annuity is — , the amount of 

capital repaid out of such instalment is — (less interest on a^ for 

— th of a year) 
m 

m ^^ ^ ^ ** m m ''^ 

—mn 



1 l-(l + t)-n 



1 H'^3 



or 



mm mm 

— mn 



_ (i+») 



— » 



i^- 3 



or 
m m 
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That is, just as iu the case of the annuity payable yearly (Art. 25), 
the capital redeemed out of the first payment is the last term of the 
series v-{-vl^+ . . -ht?*, whose sum constitutes the original capital, 

so in this case the capital redeemed out of the first instalment of the 

1 ( 1. a 1 ) 

lity is the last term of the series — •! v"'-|-t?***-}- . . . -ht?*"m+©* [ 

whose sum constitutes the original capital. 



annuit 



Similarly, there is redeemed out of the second instalment, 



1 



99 



» 



third 



>> 



m 

3 



and so on. 



Portion of capital 
redeemed by tiie 
payments made 
in the ooorae of 
eaekyear* 



The total amount of capital redeemed the first year 

1 ( 1 2 m-l) 

m \ ) 

the total amount of capital redeemed the second year, 

1 ( 1 , a , ni-l) 

tn \ J 

and so on. 

The expression for the total amount of capital redeemed the 
first year may be put into a more convenient form. For 

1 ( 1 2 «»-0 ^'^ (1 . 1 . -?. . • Jf!^\ 




mj 

X 

m 



1-ft-l ^ * 
X X 



Similarly, the amount redeemed in the course of the second year 



m 



X 

tn 



=tj»-» X - ; 

X 
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the amount redeemed in the course of the third year 



m 

m 



the amount redeemed in the course of the nth year 

V 1 V mj 



mi X 

m 




Summing, we get the total amount redeemed, being the original 
capital 

,, ^ . (m) * 1 — «?» i __ 

that IS, a;n = - • — : — = - an 



X 



intereit. 



which is the formula previously obtained for «^ (Art. 33) . 

(36) K now we have two annuities to run for n years, the one Connection 

between annuity 
I values at 

payable yearly and the other payable by instalments of — at the nominal and 

^ ^ '^ ^ r J J ^ effective rates of 

end of each interval of — th of a year ; and if the effective rate of 

interest is in both cases t, and in the latter case x the nominal rate 
convertible m times a year, then we know, from what has been 
previously shown, that 

\z^v'^'\-ta^=^v^'\-xa^ ; 

(m) i , , 

/. a;^ = -a;^, as shown above. 

X 

When, therefore, a table of values of a;j] at the rate i has been 
calculated, the values of annuities payable by instalments of — at 

the end of each interval of —th of a year, the nominal rate of 
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interest x convertible m times a year being equivalent to an 
eflPective rate ^, are found at once from the formula 

(in) i 

a^ = - a^i , 

X 

As will be seen, however, from Table 11. of Chapter I., the 
values of x corresponding to the values of i for which annuity 
values are commonly tabulated would be rarely, if ever, employed ; 
and in practice the values of x usually employed (see Table I. of 
Chapter I.), are found to be such as have no corresponding values 
of i for which annuity tables have been constructed. Thus, for 
instance, given annuity tables calculated at the rate of interest 
4i per-cent, interest convertible and annuity payable yearly, then 
by simple multipHcation by the ratios 

4*5 4*5 4*5 4*5 



4-450483' 4-425996' 4409768' 4401954 

respectively, we should at once obtain amounts and present values 
of annuities, having (see Table I., Chapter I.) — 

(1) Interest convertible, and annuity payable half-yearly, 

at nominal rate of interest 4*450483 per-cent. 

(2) Interest convertible, and annuity payable quarterly, at 

nominal rate of interest 4-425996 per-cent. 

(3) Interest convertible, and annuity payable monthly, 

at nominal rate of interest 4-409768 per-cent. 

(4) Interest convertible, and annuity payable daily, at 

nominal rate of interest 4-401954 per-cent. 

Putting the formula for a- into the form 



(w) 



«nl =- 



1 i-(i+-) 

1 \ mj 



—mn 



m X 

m 

we see that the value of an annuity of 1 for n years payable by 

instalments of — at the end of each interval of — th of a year, at 

m m 

the nominal rate of interest x, being convertible m times a year, is 
equal in value to an annuity of — for mn years, interest at the 
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X 

rate — (Art. 11). Thus, for instance, an annuity of 1 for 20 

years, interest at the nominal rate of 4 per-cent, and the annuity 
payable and interest convertible half-yearly, is equal in value to an 
annuity of \ for 40 years, interest at the rate of 2 per-cent. .In 
this manner, a table of values of annuities payable yearly at a given 
rate of interest may be made use of to obtain the values of annuities 
payable at periods of less than a year, at another nominal rate of 
interest convertible at the same periods as the annuity is payable ; 
but it will be seen that the method is necessarily only capable of 
limited application. 

(For further illustration of this Article, see Example 5 of this 
Chapter, in Chapter V.) 

(36) We have seen that if the annuity is payable by instalments Contmuout 

annuitiei. 
1 • « . . Formulas for 

at intervals of — th of a year, the nominal rate or interest x being their amount! 

m and preient 

values. 

convertible at the same periods, then 



Amount of an annuity for n years = 



X 

—mn 



Present value of do. = 



X 

Let us now assume m to be infinitely large, so that the 
intervals for payment of annuity and for conversion of interest 
are infinitely small, then the annuity is called' a continuous 
annuity, and we have (Arts. 9-11) 



Amount of continuous annuity for n years = 



Present value of do. 



X 

1— €-w« 



X 

xY' 



When the limiting value of ( IH — ) is taken to be equal 

\ mJ ^=00 ^ 

to H-», it is usual to put 8 for the corresponding value of a?, and 

gna \ \ g-7t5 

then the above formulas would become — ^ — and — ^ — respec- 

_ 1 — €~^ 

tively. This last value is denoted by ayi , so that a;^ = ^ — . 

o 

E 2 
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On a method for 
faoilitating the 
oaloalatlon of 
oontmuoot 
annuitiea. 



Deferred 
annuitlee* 



Perpetnitiefk 



A property should be noted here with regard to continuous 
annuities, which may be made use of in the determination of their 
amounts and present values. 



We have 



and 



Hence 



X nx 



xn. 



X n X €-»^. 



X 



nx 



log — ^^- = log ^^ 4- logn, 



X 



nx 



log — = log —^^ h log n—nx log c. 



X 



nx 



It follows, therefore, that if a table of values be given for the 

^nx 2. 

function log , corresponding to given values of nx, the 

nx 

calculation of amounts and present values of continuous annuities 

certain may be greatly facilitated. 

(37) From what has been shown in the case of annuities payable 

yearly and the interest convertible yearly (Art. 31), it is easily 

seen that the value of an annuity for n years deferred t years is 



\ mj X \ mj 



—mt \ 
X — 



1— 1?~ 



(l + ^-)i»_l 



= t;* X « 



(m) 



(m) 



(m) 



If the annuities are continuous, then the value of a continuous 
annuity for n years to be entered upon at the end of t years, the 
effective rate of interest being i, is 

(38) If, in the formulas (3) and (4) of Article (33), we 
assume n, the number of years for which the annuity is to run, to 

be infinite, then, as in (Art. 28), (lH-i)-'»=( IH — ) becomes 

a vanishing quantity, and we have for the present value of a 
perpetuity 



a<*"'= - 



00 



1 

m 



(H-O'^-l 



1 

X 
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From this it follows that if so be the nominal rate of interest, then 
the value of a perpetuity is the same, no matter how often 
interest is convertible in the course of a year, provided the 
payments of the perpetuity are made as often as interest is 
convertible. 

Thus, if 5 per-cent be the nominal rate of interest, the value 
of a perpetuity will be 20 years' purchase, no matter whether 
interest is convertible and annuity payable yearly, inter&t con- 
vertible and annuity payable half-yearly, quarterly, or any other 
interval, provided always that the annuity is payable at the same 
periods as the interest is convertible. From general considerations, 
it will appear that the oftener interest is convertible, the greater 
the effective rate of interest, and consequently the less the value 
of the perpetuity ; but it has also to be borne in mind that the 
oftener the payments of annuity are made, the greater would 
appear to be the value of the perpetuity. As a matter of fact, 
the two conditions exactly counterbalance one another. This 
may be shown algebraically, thus : 

Let X be the nominal rate of interest, and let interest be con- 
vertible and annuity payable at every — th period of a year. 

Then the payments made in the course of any year will have 
accumulated at the end of the year to 

ml \ mj \ mj \ mj ) m x 

m 

Let, as usual, i be the corresponding effective rate of interest, 
so that flH — J =l + e, and it will follow that the payments 

made in the course of a year will have amounted at the end of 

1 l-j-e 1 i 

that year to — • = - . Accordingly the value of the 

ffl X X 



tn 

% 

X 



perpetuity will be the same as if we consider a payment of -, 

X 

instead of 1, made at the end of each year, and interest convertible 
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yearly at the rate i. Consequently, the value of the perpetuity, 
1 i 

00 



i.e., a<r^= T X - 



x' 
This result would also follow directly from the formula obtained 

in Article 35. The formula is a-^ = - z/;^ . 

X 

i 1 

Making n=oo , we have «i^^= -«„=-. 

X X 

(A further illustration will be found in Example 7 of this 
Chapter, in Chapter V.) 



AlOariTT PAYABLE AND INTEEEST CONTEETIBLE AT PEEIODS OF 

DIFFEEENT DURATION. 

Although generally in practice it is not usual to make any 
difference between the periods when instalments of an annuity are 
payable and when interest is assumed to be convertible, yet 
theoretically there is no necessity for the two periods to coincide. 
For instance, the instalments of an annuity may be payable quar- 
terly, and interest convertible half-yearly, or vice versa. It is 
proposed briefly to consider such cases. 

(39) Annuity 'payable yearly and Interest convertible m times 
a year : — 

If d? be the nominal rate of interest convertible m times a year, 
the series whose sums denote the amount and present value of an 
annuity of 1 for n years are respectively 

Amount of annuity of 1 for n years 

/ x\^ r x^^ r x\<^-^'^ 

= 14-(14--) +(1+-) 4-.. 4- (14--) 
V mj \ mj \ mj 



—mn 
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and present value of annuity of 1 for n years 

= (14--) +(14--) 4-.. 4- (14--) . 
The sums of these series are respectively 

\ mJ _ V ^*>' 
and : . 

If we assume i to be the effective rate of interest, so that 
14-—) =14-*, we have 

Amount of annuity for n years = ^^ i , 

1— (l4t)~** 
and the present value of do. = ; . 

These formulas are the same as have already been obtained for 
an annuity payable yearly, the rate of interest being i convertible 
yearly (see Arts. 21, 22). It follows, therefore, that the amount 
and present value of an annuity payable yearly, interest at a 
given nominal rate x convertible m times a year, are equal to the 
corresponding amount and present value for an annuity payable 
yearly at the corresponding effective rate of interest i. Thus the 
amount and present value of an annuity payable yearly, with 
interest at the nominal rate h=\o^^{l-^i) convertible momently, 
are the same as for an annuity payable yearly with interest 
convertible yearly at the rate i. 

Similar remarks apply to deferred annuities and perpetuities. 

(4D) Annuity payable m times a year, and Interest convertible 
yearly : — 

If n be the number of years the annuity has to run, i the rate 
of interest convertible yearly, then evidently 

Amount of annuity = -] l4-(l4-0"*-f (14-*) '^4- . . 4-(l4-0~"m[ 

_ 1 (i-^-ty-i 



M 



(H-/)«-l 
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1 ( - - ) 

Present value of do. = — j t?"*-ft?"*+ ..+«?** f 

1 1—v^ 



m ^ 



171' 



(H-*)"»-l 

These formulas are the same as those obtained in Article 33, as 
they should be. 

(See Example 5 of the Illustrations of this Chapter, in 
Chapter V.) 

If we suppose w= oo — that is, the annuity payable momently, 

— then the denominator of the above fractions, w{(l + ^)*^— 1}, 
takes the form oo x . We have, however, 

and the limiting value of this fraction can be shown to be 
log g (1 + e) . (For demonstration, see De Morgan's " Differential 
and Integral Calculus," p. 56, and Note on p. 64 of this Chapter.) 

Thus the amount of an annuity of 1 payable by ^ 

momently instalments, the interest at rate * / = ^ >, . .x , 

being convertible yearly ) 

and the present value of do. = :; ^, . ^ . 

loge(l-f»0 

If we put, as before, \og^(l + t)=S, these formulas become 
respectively 

__ and — ^— , 
being the same as those already obtained in Article 36. 

(41) Armuity payable k times a year, and Interest convertible 
m timea a year : — 

Let n be the number of years the annuity has to run, and let 
the annual payment be 1, payable by instalments of - at the end 

of each interval of vth of a year; and let the nominal rate of 
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interest be x convertible at tbe end of eacb interval of - tb of a 

m 

year. 

IH — J = amount of 1 in a year = l + i, say. 

Now as 1 amounts to 1 + * at tbe end of a year, it will amount 

\ 1 H 

to (1-f*)* ** *^® ®^^ of -tb of a year (Art. 4), to (l-fe)* at tbe 

2 

end of -rths of a year, and so on. Hence we bave, eacb payment 
fc 

of annuity being - , 

fc 

Amount of annuity for n years 

and tbe present value of tbe annuity 

1 1— 1?~ 



1 ( ^ - ) 1 



(1 + 0^-1 



Substituting for 1 + * its value, f 1-f — j , tbese formulas 
become respectively 



Amount of an annuity for n years = -7 



1 ri+-r-i 

1 V mj 



k "* 



1 '-(" s) 

and present value of do. ~ T 



—mn 



We migbt bave proceeded tbus. Let y = nominal rate of 
interest convertible k times a year (tbat is, at same periods as 
annuity is payable), wbicb gives tbe same effective yearly rate i 
as tbe nominal rate of convertible m times a year. Tben we have 
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0+9'=(^+f)'='+- 



.-. y={(l + »)*-l}*, 

and the formulas obtained in Art. 34 would be at once applicable. 
If we assume in=zJc, the formulas above obtained, become the same 
as those of Art. (34). 

If the interest is convertible momently, and the annuity 

payable k times a year, then w=x, and (IH — ) =14- *:=€*. 
(Art. 8.) 

.*. Amount of an annuity for n years payable \ i n«_i 
k times a year, interest at the rate 8 con- / ~ X * "7 
vertible momently j 



and present value of 



do. 



€*-l 

1 l-c-*** 



k 






If the interest is convertible m times a year, and the annuity 

payable momently, then 

)"* 1 

*-l = ^(l + i)*_l 



1 
k 

= loge(l + 

= 8. 



(Art. 40.) 



.*. Amount of an annuity for n years 
payable momently, interest at 
the rate a: convertible m times 
a year, the effective rate of in- 
terest being i 






_0- + i)^'-l_€^-l 



and present value of 



do. 



-(1+ '-) 



— m« 



_ l-(l+0"**_l-€ 



-ni 



S 



These formulas are the same as those of Art. (36). 
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(42) Let it be required to find the amount and present value Knmerioai 

_ , , 1 • 1 . illustrationi of 

of an annuity when interest at the nominal rate 5 per cent, is con- tiiyureoeding 
vertible, and the instalments of the annuity payable quarterly, and 
the annuity to run for 25 years. 



Article!. 



Here 




- ='0125 and mn=100 . Art. (88). 

m 



We nave amount of annuity = -^^ -ri . 

Now, log 1-0125 =005895 .*. (10125) ^^•=log-i 5395 

^ 3'4634 (approximately) 

2*4634 
.'. Amount of annuity= — — — =49*268 

-^ -05 

log 49 268 =1*692565 
Again, presentvalueofannuity=^|;?|^ ^og 3*4634= 539503 

log 14*225= 153062 
= 14-225 

Let us make use of the Table I. of Chapter I. to check the 
values just obtained. On reference to that table it will be found 
that if the nominal rate of interest be 5 per-cent payable quarterly, 
the equivalent effective yearly rate is 5094534 per-cent. 

Thus, we ha^e Art. (33) formulas (1), (2), (3), and (4), 

(105094534)2«-1 



Amount of annuity = 



05 



, , 1 - (105094534)^ 

Present value „ = -p— ^— 

05 

Now, log 1*05094534= -021580 (to 6 decimal places) 

.-. 25 X „ =5395 =log (105094534)2» 

Hence, (1*05094534)^=3*4634 (approximately) 

= (10125)1'* j^s fo^^^ aijQ^^ 
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Again, log 105094534 =021580 

.-. log (105094534)1= 005395 

.-. (105094534)*= 10125 

.-. 4{(105094534)i-l}=05 

i_ 
which is an example of the formula «»{ (1 -f i)*"— 1 } =^ . 

srumerieai As a numerical illustration of Art. (34), let us take the fol- 

Uusimtioii of ... . 

hit (84). lowing : — An annuity payable quarterly, and interest convertible 

quarterly, the annuity to run for 5 years, with interest at the 
nominal rate of 5 per-cent. 

By Table I. of Chapter I- ( l-f-r" ) =1 05094534. 

Let us first calculate the values of the annuity from the 
formula. 

^, r, .^ 1- (105094534) -» 

Value of annuity = ^ tzz — . 

^ 05 

We have log 105094534 =021580 (to 6 decimal places) 

.-. log (1 05094534) -«=- -107900 

= 1'892100 
= log -78001 

1- -78001 -21999 



.*. Value of annuity = 



•05 05 

= 4-3998. 



We have also log -05094534 =2707105 

log 05 =2-698970 

, 05094534 ^^^,„, 
.-. log — = -008135. 

Let us now proceed to ascertain the amount of capital redeemed 
in each quarterly payment. 

The following table shows the process throughout : — 
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V 


l0g«fi-4 




h^-4 

sAmoant re- 
deemed in 
+ l)th quarter. 


Total redeemed 

in 
(p + l)th year. 


, 05094534 
^^^^ 05 


•05094534 
"* -05 





1-892100 


•78001 


•19500 


• • • 


1-900235 


•79476 


1 


•897495 


•78976 


•19744 


• • • 


• • • 


• • • 


2 


•902890 


•79963 


•19991 


• • • 


• • • 


• • • 


3 


•908285 


•80963 


•20241 


•79476 


• • • 


• • • 


4 


•913680 


•81975 


•20494 


• • • 


•921815 


•83525 


5 


•919075 


•82999 


•20749 


• • • 


• • • 


• • • 


6 


•924470 


•84037 


•21009 


• • • 


• • • 


• • • 


7 


•929865 


•85087 


•21272 


•83524 


• • • 


• • • 


8 


•935260 


•86151 


•21538 


• • • 


•943395 


•87780 


9 


•940655 


•87227 


•21807 


• • • 


• • • 


• • • 


10 


•946050 


•88319 


•22079 


• • • 


• • • 


• • • 


11 


•951445 


•89422 


•22355 


•87779 


• • • 


• • • 


12 


•956840 


•90540 


•22635 


• • • 


•964975 


•92252 


13 


•962235 


•91672 


•22918 


• • • 


• • • 


• • ■ 


14 


•967630 


•92818 


•23204 


• • • 


• • • 


• • • 


15 


•973025 


•93978 


•23494 


•92251 


• • • 


• • • 


16 


•978420 


•95152 


•23788 


• ■ • 


-986555 


•96951 


17 


•983815 


•96342 


•24085 


• • • 


• • • 


• • • 


18 


•989210 


•97548 


•24387 


• • • 


• • • 


• • • 


19 


•994605 


•98766 


•24691 


•96951 


• • • 


• • • 



4-39981 



rrom these figures it will be seen how much is redeemed at the 
end of each quarter of the 5 years : thus 

At the end of the first quarter the amount is -19500 

second „ „ -19744, 

and so on. 



w 



99 



The entire amount redeemed in the four quarters of the first 
year is seen to he the sum of the first four values of iv*"4, 
i.e., -79476. 

The entire amount redeemed in the four quarters of the second 
year is seen to be the sum of the second four values of it?""!, 
i.e., '83524 ; and so on. 
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It is further to be observed that the sum of the first four 

1 r 1 5 p • 1 i. 5 05094534 
values of i v^-^, is equal to v^ X — , 

and that the sum of the second four values is equal to v* x 



„ third 



„ fourth „ 



„ fifth „ „ 



^tUkX 


•05 


» 


, 05094534 
05 


» 


„ 05094534 

t;2x — 

•05 




•05094534 



•05 



Also, that the total amount redeemed in the course of the five 
years is equal to the original value of the annuity, as it should be, 
i,e., 4-3998. 

It will be noted that there are small discrepancies in the last 
place of decimals, which arise from not employing more decimal 
places in the logarithmic values. 
Knmerioai As a numerical illustration of Art. (36), let us take an annuity 

illuatration of . 

Art. (36). for 20 years, the nominal rate of interest being 7 per-cent, and 

the annuity payable and interest convertible momently: that is, 
a continuous annuity for 20 years, at a nominal rate of interest 
of 7 per-cent. 

^=20, 8=-07, and (Table I., Chapter I.) i=-07250818. 

Then we have amount of annuity = — -tzt- • 

^ 07 

Now, log €^ ^= 14 log €= 1-4 X -43429448 

=-60801227 

=log 40552 

c^^-l _ 30552 
'• ~W " 07 

=43-6457 

Otherwise, since the effective rate of interest is known, we might 
proceed thus : 

. ^ '. (107250818)20-1 -07250818 

Amount of annuity = x^x^x^tT^p; X 7^ ; 

^ -07250818 07 ' 
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but as existing annuity tables would not be found to g^ve the 
value of the first factor, it would have to be calculated. 

1— €->•* 
Again, present value of annuity = — — = — 



•07 ^ €^'^ 



€>•*— 1 

We havQ log =log 43-6457 

= 1-639942 
608012 



loff€***=: — 

^ 1031930 

.'. present value of annuity=log~^ 1*031930 

= 10-7629. 

As a numerical illustration of Article (41), let us take the case Knmenoal 

. , „ iUustnitioii of 

of an annuity for 20 years, where interest at the nominal rate of Art (41). 
5 per-cent is convertible quarterly, and instalments of annuity are 
payable at the end of every 12th part of a year — ^that is, monthly. 
Then a?='05, 7»=4, and X;=12. 

We have fl + -T-) =(10125)^=105094534 (Table I., Chap. I.) 

Log 105094534 = -021580 (to 6 places of decimals) 

/. log (105094534)^= -43160 =log 27014 

log (l-05094534)f2= 001798 =log 10041 

,„. . . .. , 2- 7014- 1 1-7014 

Thus, amount of annuity =,,p^^g^^ J = j2:^^ 

__ 1-7014 
"" 0492 

= 34-58 

1 



and present value will be found to be = 34*58 x — 



2-7014 
= 12-80 . 



(For further illustrations, see Chapter V.) 
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Note to Aet. (40). 

An ordinary algebraical demonstration of the property that 

m{(l + i)^ — l} has for its limiting value logg(l-f*) when w=oo 
may be thus shown : — 

We have, by the exponential theorem (see Algebra — Expo- 
nential Series), 

x^ x^ 

a«'=l+a?log€a+ -j- (}o^^ay-\- ^ (log€«)3+&c. 

{X x^ ^ 

j2 (y^^ef^y^ j3 (log€«)^+&c.| 

,'. __=log,a+a?|-(log€«)2+|3(loge«)2+&c.| . . (1) 

Now it cjgi be shown by the ordinary rules for the convergence 
of a series (see Algebra — Convergence of Series), that the series 
inside the brackets on the right-hand side of (1) is convergent 
whatever finite values a may have, and therefore the product of 
this series and x vanishes with x. Hence we have 

a«— 1 
Limiting value (when x=0) of =log£a. 

X 

Let us now put flr=l-f**, and a?= — , so that a is finite and 

m 

ar=0 when w=oo , and we have 

n-\-i)m—l 
Limiting value (when m^=oo) of ^^ ^ is log£(l-h»). 



M 
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CHAPTER III. 



VAEYING ANNUITIES. 



AlTNUITIES WHEKE THE PERIODIC PAYMENTS VABT OT AmOITNT, 
AND THE PeEIODS THEMSELVES ABE CONSTANT OB 

Vabiable. 



(43) In the previous chapter we have throughout assumed that instuicei oi 
the periodic payments of annuity are all of the same amount, that Annuitiai. 
is, 1. It will he seen, however, that we may have cases where the 
periodic payments vary in amount. Thus, for instance, we may have 
an annuity where the first payment is 1 ; the second, 2 ; the third, 
3 ; and so on, in order. Again, we may have an annuity where the 
first payment is 100 ; the second, 95 ; the third, 90 ; the fourth, 85 ; 
and so on. The first of these would he an annuity where the pay- 
ments increase in arithmetic progression, and the second an annuity 
where the payments decrease in arithmetic progression. Similarly, 
we may have annuities increasing or decreasing in geometric 
progression, or generally where the payments follow some law of 
progression ; and we may have annuities ' where the payments 
follow no law of progression at all. 

Let Ui, M2, %, &c., denote the amounts payahle respectively at 
the end of 1 year, 2 years, 3 years, and so on. Then, if there he 
n such payments, and i he the rate of interest, we have, 

Present value of payments =Wi 6' + %«?*'*+ WaiJ^H- . . . -\-UnV^» 



On fhe mefhodi Where the quantities i/i, t^, <&c., are regulated according to 

to be employdd . 

for the determi- some known law, a formula for the summation of the above series 

nation of the 

proMnt value of may frequently be obtained. Indeed, under such circumstances, 
Annuitiei. the problem would become an ordinary application of the methods 

for the Summation of Series. 
Sim^ (44) In many cases this series can be summed by ordinary 

iiiottrations. algebraical methods. Thus, for instance, if the law of progression 

of Ui, 1/2, W3, &c., is arithmetic, common difference, say, d, then 

we have, denoting the sum to n terms by S, 



S=Mit?-f(wiH-^)y2+(w, + 2t?)t?3+. . . + {wi+w— 2^}t?~-i + {M, + n— l(f}i?* 



.-. vS=iUiV^-\-(ui + d)v^'\-. . -\- {ui+n—Bd}v''-^+ {ui + n'-2d}v^ 



+ {ui+n—ld}v^+^; 



As another example, let it be required to find the present value 
of an annuity where the successive payments are P, 2^, 3* . . . n*. 
If S denote the present value of this annuity, * being the rate of 
interest, then 

/. S(l-y)=«;-f (22-l2)t;2+(32_22)t?3-f . . + {^2_(^_l)2}^n«^2^»+l 

=v-hSv^-^5v^+ . . -f (2w— l)t?'*— ;t2^«+» ; 
.♦. Sz?(l--«?)=i;24-3i?3-f .. + {2(^-l)-l}y«+(2n~l)i;«+i-n2t?'»+«; 
.-. S(l--y)2=t? + 2(«j2+t;3+ . . . +t?")-(^^+2n-l)e;»+Hn2t;«+2 

1—v 



,n+2 



0= 



(!-«>) 



3 
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The annuity-values just obtained are not in a shape readily 
available for arithmetical calculation ; and it will be frequently 
found to be the simplest plan not to attempt to obtain a formula 
which shall represent the value of the sum of the series, — that is, 
of the annuity, — ^but to calculate independently and directly the 
value of each payment of the annuity, and sum the results. 

(45) In cases where the law (if any) connecting the terms of On a raieral 

fonniua by 

the series is not ascertained, or where no such law exists, sum- lukeiuun forth* 

, , determiiuttion 

mation may be frequently effected m the following manner : — of the preMnt 

amounteof 

Let Awi, A%i, A^wi . . . denote the successive differences of Ui, aSSHm. 
then we have (see any treatise on Finite Differences) 

t^l = Ui 
«2=l^l + Al^] 

«3= ui H- 2Aui + A%i 



«^=Wi+(n--l)Ai^i4- — — ^^^ ^^ A%-f . . . H-A«-%. 

Hence the series UiV-{-tC2V^-\-U3V^+ . . . -\-UnV^ will be equivalent to 
the following : — 

Ui(v + v^+v^+ . . . -ft?~) 
+ At*i{t^-f 2^3+ . . . +(7i— l)t;»} 

-f 

( , ,v « (w— 1) (w-2)...(w— r) ^) 
+ A^i*,{t?^+»-f (r-f l)t?^+2+ . . . ^S ^^^ ^^ ^^ ^ t,nj 

I .... 
-f A~-iwit?«. 

Now, taking the general term 

( X .V (n—l) (n—2) . , . (n—r) ) 
A^M,|t;''+i+(r+l)v»'+24. ... 4- ^i -Y 2S r ) ' 

we see that the coefficient of v^ will be 



(a?—l) (a^ —2) . . . (^— r) 
r.2,3 . . r 



r 2 
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r+l 

and if this be denoted by [or] , the general term 

r+l r+l r+l 

may be written A»*i*i{ [l]i? + [2] »*+... + [»]t?**} . 

The quantity inside the brackets represents the present value 

of an annuity for n years, of which the orth payment, denoted by 

H-i . (^— l)(a?— 2) . . . (jc—r) ^^ , X XI . 

[a?], IS -^ ^TTTo ^ ' ^^ ^® denote this present 

r+l 

value by V», the above expression for the value of an annuity 
whose successive payments are Ui, u^, u^ , , . Uny will become 

UiVn+ ^UiVn+ ^hliYn+ (A) 

1 
if we denote by V* the value of an annuity for n years, where the 

successive payments are unity. 

We have now to obtain a formula for the calculation of 

yn, V», V», Ac. 

We have, by definition, 

r ^ (^-i)(,;--2)...(^--r+ l) 
^ -^ 1.2.3 ... (r-1) 

r*ln^- (^"l)(^~2)...(^--r) _ a?-l i' 
^""^ 1.2.3. ..r - -7- ^""-^^ • 

Also 

[a;-l]_ 1.2.3. ..r —7— 1^*-^^ 

r+l r /p — 1 r 

r+l 

= [x]. 

Hence we see that the ^h term of what we will call the 
(r+l)th series, is equal to the sum of the (ar— l)th terms of that 
series, and of the rth series. 
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Again, since 

r r+1 r+1 

[^-i]=M-[*-i] 



r r+1 r+1 

[*-2] = [*-l]-[;P-2], 



/. by addition. 



r r r r+1 

since the first term of the (rH-l)th series is zero. 

Thus, the ^rth term of the (r-i-l)th series is equal to the sum 
of the first (a?— 1) terms of the rth series. 



Let us denote unity by V,^. We shall now proceed to show 

r-l r 

that the connection between V« and V«, which denote the present 
values of annuities for n years where the payments made at the 
end of any year, say the jpth year, are respectively, 

(p-l)(j,-2)....(j,-r+2) (j,-l)(j,-2)....(j,-r+l) 
1.2 . . (r-2) 1.2 (r-l) 



r-l 
r 

is "" 



r _ V^--[nH- l]t?^ 

»»^ : . 



We have 

v»=[i]»+[23t>«+ . . +[«]«», 

V^=[i>+[2V+ . . +[«]«»; 

.-. V„+V^=[2>+[3>«+. +[«+!]»» 

= {[!]»+ [2]»»+[3]»8+ . . . +[«+l]®»+>}(H-»), 
=V,+,(l+»); 

r 

since [1] is zero for all values of r greater than 1. 
But V»+i=V„+ [« + !]»»+>; 

.-. V»+VUv„(l+») + [«+l]»»; 
.-. »V„=V^-[«+l>»; 
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Similarly, if we denote the amount of an annuity for n years 

r r 

whose pih payment is [j?] by A^, and denote (l-|-*)» by A», we 
ghall have 



^^^[n+1] 



fC) 



Thus, the values and amounts of annuities corresponding to 
any value of r can be obtained, when those corresponding to r— 1 
are known. 

r 

The following table of values of [^r] gives the arth payment of 
the annuity corresponding to a given value of r : — 



ar 


r-1 


r=2 


r=3 


r=4 


r«5 


r^6 


r«7 


r=s 


1 

























2 




1 




















3 




2 


1 

















4 




3 


3 


1 














5 




4 


6 


4 


1 











6 




5 


10 


10 


5 


1 








7 




6 


15 


20 


15 


6 


1 





8 




7 


21 


35 


35 


21 


7 


1 



Taking the formula (B), we have, putting r successively equal 
to 1, 2, 3, 4, &c., 

t 



2 __ Yn-nv^ 

y n — ' . > 
t 



,i W.W — 1 
\ — — ^,« 

3 '* 2 



8 n.n—l.n—2 

t 

&c. = &c. 
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TAEYING A>-KUr 


riE 


Similarly 


1 (l + e)»-l 

An — ) 
t 

1 
A ^n-n 

2 n.n—l 

3 ^« 2 
■ A — 












» n.n—l.n- 


-2 




i _ 2.3 

t 


— 




&C.= &C. 
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Thus, revesting back to the formula (A), we see that, since 



8 



UiV + thV^-^- . . +t*n^'*=WiVn + ^^lVn+A2j^lV»H- . . 

1 2 

when the values of Vn, V», &c., have been found in the manner 
above indicated, the present value of the series of annual payments 
Ui, ti2, 1^3 ' • ' Un, may be directly found. 

And the same method would apply to finding the sum to which 
the same annual payments would accumulate at the end of the 
term, or this may be deduced from the above by simple multipli- 
cation by (1 + i)^, 

(46) It will be sufficient to give one numerical illustration of Kmntrioai 

illustration ni 

the method just explained. the general 

formula of 

Let the annuity be one to run for 40 years, the successive pay- Art (46). 
ments being 417500, 424680, 431620, 438320, &c., and the rate of 
interest 5 per-cent. 

We have 

A A^ A3 

«.=417500 

t^=424680 __-240 ^ 

«3=431620+^^*^-2«) ^ 

-f-6700 
^4=438320 

Here it will be seen that 

Awi =4-7180 

A2j^i=-240 

A%=0 

The third and higher differences vanish. 
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Uence we have 

12 8 

Present value of annuity (A) =WiV4oH- AwiV^oH- A^iV, 



40 

=417600V^+7180V^-240V^ . 

12 8 

We have now to calculate V^^, V40, V40, by means of (B). 



(1) 



log (1-05) -^= -152428037200 

(105)-^= 14204568 
40(105)-^= 5-6818272 

40(105) -•x ^=113-636544 

- 2-840914 



=110-795630 



•85795432 



i-(ro5)-^= 

.-. V^= 171590864 

Y4o-40(105) -^= 171590864 

- 5-6818272 



= 11-4772592 



V^= 229-545184 



40 



110-795630 



2 QQ 

V4o-40(l-05) -^ X ^ = 118-749554 



.-. V^=2374-99108 

12 8 

Having obtained the values of V40, V^^, V^^, we have now to 
insert these in (1) : 

log 417500 =5-6206565 log 7180 =38561244 log 240 =23802112 

„ 17-159086=1-2344943 „ 229545184= 23608683 „ 2374-99108=33756620 



log 7,163,922=6-8551508 log 1,648,135 =62169927 log 569,998=57558732 

Hence 

present value of given annuity=7,163,922 + 1,648,135—569,998 

=8,812,057- 569,998 
=8,242,059. 

The method just explained and illustrated is due to Mr. W. M. 
Makeham, and is described by him at length in a paper " On 
the Theory of Annuities Certain", published in vol. xiv. of the 
Journal of the Institute of Actuaries, 

Where the successive payments of the annuity are of such 
a nature that only a few orders of differences are required, 
Mr. Makeham's method will be found of great practical utility. 



As to the 
MpUftabilitgr of 
no fcmnula of 
Art. (46). 
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(47) Another formula which has been employed for the sum- On anotfatr 
mation of the senes, 

is as follows : 

« « t*i Ami A%i 

The theorem from which this formula is deduced is as follows : — 
If Un be a rational and integral function of n, so that the differences 
of til ultimately vanish, then 

1—a? (1— iF)2 

Similarly, «»+ia?»+i -h w»+2a?*+2 -j_ Un+^iv^'^^ -{- , ,ad inf, 

=a?»»(t*»+iiF+t^»+2a?*+ , . . ad inf.) 

/. Subtracting (2) from (I) we have, 

\—x yV—xy 

XT • ^ X \ 

Now, m our case, a?=t;= --— . /. :; = -; 

H-« 1—0? e 

t^i At/ 1 A%i 



_.»(?^ + ^- + ^+&e.). 



which is the formula (D).* 

The theorem here applied will be found demonstrated on 
page 224 of De Morgan's " Differential and Integral Calculus " 
(published in 1842), and the general theorem of which it is a 
particular case, on pages 239 and 240 of the same work. 

* 

* This fbrmula may be deduced directly from Mr. Makeham's formula (A). 
See Chapter YI., Art (8(6). 
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Mr. Peter Gray has, in vol. xiv. of the Journal of the Institute 

of Actuaries, called attention to this formula, and its application 

to the determination of the values of annuities of a nature similar 

to that under consideration. 

Vnmirieia (48) As an instance of its application, the example above 

Qluitration ^ , 

Art (47). selected may be taken ; viz., an annuity to run for 40 years, the 

rate of interest being 5 per-cent, and the successive payments 
being 417500, 424680, 431620, 438320, &c. 

As before, we have t*i=417500, 

Awi =-1-7180, 
A%i=- 240, 
A3wi= 0. 

We have still to calculate u^i , AW41 , and ^Ht^i • 

in.fn — 1 
Now Wi+w=Wi + wAwi-|- A%i-f . . 

= wi + 7300m— 120^2. 
Putting ^=40, 41, and 42 successively, we get 

W4i=517,500 

-2420 
W42=515,080 —240 

-2660 
W43=512,420 

From these we get A54i= —2420, and £:^^h^= —240. 

Thus the value of the annuity will be given by the expression 

417500 . 7180 240 ^/ 517500 2420 240 \ ,^. 

—i--^-V-¥'-'\—i ^"-W) • • (^) 

Calling these 6 terms A, B, C, D, E, F, respectively, the value of 
the annuity as given in (1) will be represented by 

A+B-I-E-I-F-CC + D). 

We have log e = log •05=2-6989700 . . (1) 

.-. logi2 =3-3979400 . . (2) 

log^a =40969100 • . (8) 
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Also log (1-05) -^=log t?^ =11524280 



v^ 



..-. log — =0-4534580 . . (4) 



^40 



log ;- =1-7544880 . . (5) 



«2 



v^ 



log ^=30555180 . . (6) 






A B C 

log 417500=5-6206565 log 7180=3-8561244 log 240=2-3802112 

(1) =2-6989700 (2) =3-3979400 (3) =40969100 



6-9216865 64581844 62833012 

.-. A= 8350000 B= 2872000 C= 1920000 

D E F 

log 517500=5-7139104 log 2420=3 3838154 log 240=2 3802112 

(4) =0-4534580 (5) =17544880 (6) =30555180 



61673684 51383034 54357292 

D= 1470173 E= 137500 F= 272728 

A= 8350000 0=1920000 

B= 2872000 D= 1470173 
E= 137500 



3390173 



F= 272728 



11632228 
- 3390173 

8242055 



Hence we see that the formula (D) gives for the value of the 
annuity 8,242,055, the value obtained by the use of the formula 
(A) being 8,242,059, — results practically identical. 

(49) It will be observed that the formulas (A) and (D) both Observationt on 

depend, as regards their practical utility, upon the series of annual obtained in pre- 
vious Aitiolet. 
payments being such that the differences of Ui vanish after a few 

orders of differences. 

Taking the formula (D), it will be seen that if the number of 

payments n is infinite, the series simply becomes 
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Other oases of 
AnnoitieSt 



On the 
separatum of 
tiie annual 
payments into 
payment of 
Interest and 
repayment of 
eapital 
respootiTely. 



which will then represent the value of a perpetuity where the 
annual payments are Ui, U2, thj &c. 

The formula (A) may be shown to resolve itsolf into the 
same expression ; and for a demonstration of this reference should 
be made to Mr. Makeham's paper above alluded to. Mr. Makeham 
further points out that caution has to be exercised in taking 
sufficient orders of differences, otherwise, in consequence of the 
magnitude of the co-efficients, the error caused by the neglected 
differences may be considerable. 

(50) Instead of the series of payments of the annuity being 
of varying amounts made in successive years, we may have an 
annuity where the payments vary in amount, but are only made 
at intervals of time — say t years apart ; or we may even have an 
annuity with the payments of varying amount, and the periods at 
which they are paid also varying. That is, we may have as the 
series for summation representing the value of the annuity, 



or 



UiV* + U2V*+P + «^V^+P+9 -I- 



In the first case, formulas (A) and (D), with suitable modi- 
fications, would still hold ; but in the latter case it would be 
generally necessary to obtain the value of the annuity by actual 
calculation of the value of each payment and summation of the 
results. 

(61) Let us now proceed to investigate what portion of each 
payment is respectively payment of interest and repayment of 
capital in the annuity whose payments are t^i, 1^, t^, . . . t^n* If 
we denote the present value of these payments by X, i being the 
rate of interest, then 

It will be noted that nothing is assumed as to the values of 
1^1, t^, ... ; but we shall assume, as would almost always happen 
in practice, that t^i, t^, . . . are respectively more than sufficient to 
provide a year's interest on the capital outstanding, so that some 
portion of X would be repaid each year. 

The following table will show how each annual payment is 
appropriated to payment of interest and repayment of capital 
respectively : — 
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Now 



t 

= K,(H-4)'«-'-«, 
»«s{H-(l+0+(l + »■)'+ • • +(1 + «■)"-"} =«2(H- »)"-'-«» 



On fhe amount 
of capital repaid 
at the end of 
any time when 
the annual 
payments 
remain the same 
and the rate 
of interest is 
different. 



tUn-i 



=:Un-i(l + i)—1ln-.i 






=X(l + 0»-X. 



Thus, capital repaid at end of n years 



-X(l + 0>*+X 
=X, the original capital. 

Hence we see, that just as in the case of ordinary annuities 
where the annual payments are of the same amount, the capital 
still unpaid at the end of any year, say the ^th year, is 

that is, 

= Original capital accumulated for t years less the sum of the 
first t payments respectively accumulated for the numher 
of years that have elapsed since they were due. 

(52) Taking, as before, X as the capital, and Ui, «/2> ^> • • • ^m 
still as the payments of annuity made at the end of the respective 
years, it will be seen from what has preceded that the capital still 
unpaid at the end of any year will depend upon the rate of interest 
which the outstanding capital is assumed to bear, and will increase 
as the rate of interest increases. 

Thus if i be such a rate of interest that X=Wi«-hi/2t?2_|_ ^ , 
-f-i^,jy», then, at the end of n years, we have shown in Art. (51) 
that the capital X is just then all repaid. 

If we assume the capital X to bear interest at k, a rate of 
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interest greater than i, there will be outstanding at the end of n 
years capital equal in amount to 

and the present value of this at the same rate of interest h 



where 



(1+^0^ 



= t?'», 



Thus we see that, if the capital be considered to be the present 
value of the annual payments Ui,U2, . . «« computed at a rate of 
interest «, then the difference between this present value of the 
annual payments and the present value of the same jpaymenU 
when computed at another rate of interest k^ represents the 
present value of that portion of the capital which would be 
unpaid at the end of the term when the said capital is to bear 
interest at the rate Jc instead of *. 

(58) As has been shown in (51), each of the payments 
«i, W2> ^3i • • w» consists of two parts, one for interest, and the 
other on account of repayment of capital. In some cases it 
may prove convenient to determine separately the value of 
the payments made in respect of each,* the sum of the 
values of the payments on account of interest and repayment 
of capital being, of course, equal to the value of the series of 
payments U\, W2> ^> • • w»- We will take the repayments of 
capital. 

Referring to Art. (51), we see that the present value of the 
repayments of capital is 

UiV—ivX. 
-\- {v^v^—ivjL -\- iu\V^} 
-f- [uiv^—ivjL + iu\V^ -\- ttiiv^} 
+ { UiV^ — ivX. + iuiv*^ + it^v^ + iusv^} 



On the 
separation of 
the value of the 
annual pay- 
ments into value 
of payments on 
account of 
interest and 
on account of 
capital 
respectively, 
ana a general 
expression for 
these. 



'\-{unV^—ivX-]'iuiV^-\-tit2V^+iuiV^+ . . -\- iun-.2V^~^ -\- iun-iv^} 



* This subject will be found fully discussed in Arts. 67 and following. 
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This sum becomes 

■f (w-l)w«_,y«-i} 

=X—nivX'\-niv(X'-UnV^)—iv{uiV'\-2uiV^'\- . . 

+ («~l)i/«_it;'*-i} 

The second term with the negative sign is of course the 
present value of the payments for interest. This symmetrical 
expression will be considered hereafter, in the application of the 
higher mathematics to the theory of compoimd interest (see 
Chapter VI.). 



Note. — It is to be understood that no attempt has been made to 
treat the subject of Varying Annuities in an exhaustive 
manner ; but it is thought that sufficient has been given to 
prove of service to those desiring to continue the investigation 
of the subject for themselves. 
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CHAPTEE IV. 



Oir THE Deteemination of the Eate of Intebest, whebb 
THE Amount of Capital bepaid is the same as that 

ADVAIfCED. 



Note. — ^Throaghout, where a dash is attached to a symbol, no distinction is 
implied by the direction of the dash. Thus c^^a', i^^i', and so on. 



(54) "When the periodic payments of an annuity are given, and statement of 
^ tlie pTobleut 

their value known, the question arises for determination of the 

rate of interest that must be assumed in order to furnish the 

given value of the annuity. This question is one of practical 

importance, and its determination not free from difficulty. 

Eeferring to Chapter II., Art. (23), we know that 

ia^^-V'—l (1) 

that is, that a sum 1 will yield an annuity of i for n years, and 
at the same time provide for the repayment of 1 at the end of 
n years, no matter what value is given to i ; in other words, no 
matter what rate of interest capital is assumed to bear for the 
time being. 

When, therefore, «^ is given, we have for the determination 
of the corresponding value of «, the equation 

1— 1?» 

«ii|= : — 

% 

= ll<^t^ (2) 

From this equation the value of i cannot be exactly ascertained, 
but by the aid of various methods of approximation it can be 
determined with as much accuracy as may be required. 

Gt 
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Let US now write x for i, and a for a^ in (2), so that we have 
to determine a? from the equation 



a 



__l-(H-^)-« 



X 



(3) 



On the formula 
for giving a 
flntapporazi- 
mationtothe 
▼altie required. 



(55) Suppose that we have found, by reference to tables or 
otherwise, that x cannot differ much, say, from a rate i ; so that 
a!-=ii-Yp (say) where p is relatively small compared with x and », 
and positive or negative as the case may be. 



Then we have a= ^^— ; ^ — 

t-\-p 



(4) 



and expanding (! + »+/»)-* by the binomial theorem, we get 



a» + ap=l-|(l + 0"'*-^(l + »)'^'"*'"p+ 



n,n-{-l 



(l-hO"**'*"V-Ac.} . . (5) 



As p is by the conditions relatively small, we have, neglecting 
all terms of the expansion except the first two, 

a»+«p=l-{(l + 0-*»-<l+*)-<*+"p} ; 



p{a-«(l + «)'**'*"''}=l-(l+*) -*»-«» 



=••( 



-)• 



1— (1-l-i)"** 1— 17* 

If we write v for (1+ »)""*> ^^^ ^*^ ^ — " — = — : — ='''» 

t t 



the above becomes 



p(a-'nv^-^^)=^i(a'—a) ; 
_ {(a'— a) 



P= TTT .... (A) 



and 



.-. a?=t( 1+ 

\ a— 



On the determi- 
nation of the 
formula for 
giving a eeoond 
and nearer 
approximation 
to the value 
required. 



(56) If, in the expansion of (l + Z-f p)-**, we retain the term 

• • • • 

involving the second power of p, we have for the determination 
of p the quadratic equation in p, 



a*+flp=l-l(H-0-"-^(l + 0"^~'^> + 



(I + 0"^"^V} • (6) 
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The value of p, given by the solution of this equation in the 
ordinary way, would be cumbrous, and troublesome for the 
purposes of calcxdation ; and the following method will be found 
to give the approximate value of p readily. 

Since p is relatively small, the value of —^ — (14"*)'^*^'^P* 

will not be much aflfected by writing, for p^, pX ^ ; the 

second factor, — ^^ ^, being the value of p given by (A), and 

obtained on the assumption that the term involving p^ may be 
neglected. 

Thus (6) becomes reduced to 

, C ., n.n-\-l .„^'(a'— a) ) 

which gives 

^_ i(a'-a) .^. 

" — ^ -,_i_i TrJ ^ .... \^oj 

a'-nv^+^'\ — 17»+2— i --f- 

2 a— ni;»+i 

(57) We may proceed somewhat differently, and more correctly, 
as follows : — 

Eeverting to the expression given in (4), we have '^*****^^ 

. method of 
1 — (1 + * +p) ~** approzimatioih 

"" i+p 

= {l-(l + *+p)-^}(. + p)-i 

Expanding, as before, by the binomial theorem, we have 
«=|l-(l+»)-»+a.(l+*)""'+"p-^^^-y'^(l+0""^V+&c-} 

+ ^f?-&^ (7) 



»3 



G 2 
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In this expansion (7), we have only written down terms in- 
Yolying no higher powers of p than the second. 

K now in (7) the terms involving p* be neglected, we get 

1— I?* nv^'^^ 1— t;* 
a= --T— + — T-p ;5— p 



= a + -y-p-^p, 



from which we get 






(C) 



Second approzi- 
mation. 



(68) If, now, proceeding in exactly the same way as in obtaining 
(B), we write, for p^, p X -^ -ti, then, substituting in (7), 



a — nt^' 



we get 



a^a'-}- 



nv 



n+l 



a' n.n+lt;'»+2 {(a'—a) nv''+^ {(af—a) 



i ^ i^ 2 



* a'— wt;'*'*"^ 



P- 



i2 a'— ^1?*+^ 



a' i(a'—a) 



' ,:q ^/ 



*2a'— wt?**"*"^ 






Z_ |,»+2 



/—- M4,»+l 



a — wt? 



p; 






-f 



n.n+l 






a— a 



.-. p= 



*(a' — a) 



(^-«-^)('''— "") + 



^•^+l..«+2*V-«) 



V 



a'— 711?*+^ 



i{a'—a) 






(a'— ^t?'*+i)-f 



^•^+l..n+2 *K-«) 



«? 



-' — ««»+! 



a —nv' 



i(a'—a) 



a—nv^'^^-\- 



^•^+l..«+2 *(«'-«) 



(1^) 



V 



a'—nv'^'^^ 
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(59) It will be noticed that the formulas (A) and (C) differ in OomMriion of 

... rotults obtftiiiAd* 

the denominator, the former having a—nv^'^^ for its denominator, 
and the latter a'--ni?*"*"\ 

As regards the formulas (B) and (D), it will be seen that they 
differ only in the second factor of the second term of the denomi- 
nator, the former having a — nv^^^ where the latter has a'—nv^"^^. 
The formula (D) may be taken as sufficiently near for all practical 
purposes where a'— -a is small — that is, where the approximate 
value i is itself near to the true value t-\-p. 

It may be pointed out that formula (D) would be obtained if 

t(a' — a) 
p*= — ^^p were substituted in (6) instead of (7). 

(00) The late Professor De Morgan gave a formula for a Another and 

still noftror 

close approximation in vol. viii., p. 67, of the Journal of the approximation, 
Institute of Actuaries. Do Morgan. 

This formula is as follows : — 

Let i?=(a'-a)* .-z.. ^+2 

q^a — nv ^ 






2 



then 



-!(-f ('-")• 



This formula gives very nearly indeed the correct value of p. In 
the example given by De Morgan, where w=100, a =9 5233704, 
the result taking t=*10 is i-\-p or the actual rate ='10499991, 
while it should be '105 — an approximation certainly sufficiently 
near for ordinary purposes. 

(61) This formula is not demonstrated by De Morgan; but Demonitration 

of the formula 

may be thus obtained : — nven i>y 

1)0 Morgan. 

From a= ^.ni^i+B}:^ 

t-\-p 

we have, using similar methods to that of Art. (56), 



».w + l.w-f2 . . g n.n + 1 . g 2 . ... , 

L^ tj^+y — v'*+V-"(^--^2' )p-i-(«— <'^)»=0 ; 

2.3 2 

or, using the above notation, 

k (s—k) « o ^ o 
-——vy^^vp'-qp-\-p=iO, 
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Putting, as before, 



and p3=p X ^ , 

T 

the equation becomes 



OP 



OP p= ^ 



? 

1+1 {*-(*-*)<>} 



= - j 1 — ^ (1— «^) [ approximately. 



OnawwidBff (62) The formulas (B), (D), and De Morgan's formula Art. 

ing finite difTer- (60), require a considerable amount of calculation. Two other 

BiUMS only* 

working formulas have recently been given by Mr. G. F. Hardy 
where the quantities involved are the finite differences only. 

Let a be the value of an annuity, at a rate of interest * 
(which it is required to find), and let ^, ^2, ^s, be the tabulated 
annuity- values for the same term at the rates ^, fi+A, ij+2h, 
respectively, where a lies between a^ and 02- 

Then by the ordinary theorem of finite differences we have, the 
interval for differencing being A, 

p . h h ^ ^ . 

=«,+ ^(A«.-iA»«0+^^ . . . . (1) 
neglecting all differences beyond the first two. 
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If now we proceed exactly in the same way as in obtaining 
(B) and (D), and write for ^ , the value ~ = 7 X ^ ^"",^0 > 

where — — ^ is the value obtained for ^ in (1), if we neglect 

the term — — ^ , we get 

I P /A 1 Ao \ , P a— »! A^^i 



• • 



Aflh— iA%,H ^ — • — — 



a>i) 



This will be foimd to be a working formula giving results very 
nearly correct. 

Let us assume A3«i=M2ai=^Aai, where k is small,* then 
we have 

= T approximately (a) 

'+2 
Also 1= = 



* The aastimption that the differences are in geometric progression, the 
constant ratio k being small, will be found on examination not to involve 
sensible error. 
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■ate of interest 
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lid of annuity 
aUet. 



Hence, referring to (T>i), we have, remembering (a) and (b), 



h 



a~-a^ 



-.(x-i) 



a—Qy 



A^^i 



..,(.-1) ^ 

(a-ai)A<iYn--j 



(Ao,)«^l- 



|)(..JV 



27 






A%i 



_ Agi+iA%i 

"" (A//!)*-* A%i approximately 
a— a, 2 



(D.) 



since the term 



M%i b?a^ 



may be neglected. 



2 2 

This formula (D2) is stated to give, on the whole, better results 
than (Dj). 

Numerical illustrations of the formulas (Di) and (D2) will be 
found in Art. (71), and their connection with formula D will be 
found explained in Chapter VI. 

In the event of the tables used giving the values of the 
reciprocals or of the logs of «i, a^, 03, instead of the values 
ai, 02, as, themselves, it is stated no loss of accuracy would result 
from using either of the former instead of the latter. 

(63) In the paper by Professor De Morgan referred to in 
Art. (60), there is given an interesting resume of the various 
attempts that have been made to obtain an approximate solution 
of the problem, which, as there pointed oufc, is one of some two 
centuries' standing. Before anything like extensive sets of 
annuity- values had been calculated and published, mathematicians 
appear to have confined their attention to obtaining a formula 
not involving the use of existing tables to get an approximate 
value. 
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Reference may also be made to Baily's Doctrine of Interest BaUVt fomuiM 

, for the deteimi- 

and Annuities. Baily, in this work, erives a method of his own nation of the rata 

. ' •^ ' ' ° .of interest for 

which it will be sufficient to demonstrate here for the particular tte values and 

amounts of 

case of the present value of an annuity, the method itself being "^^®"" „ 
equally applicable to amounts of annuities and to deferred "a^OTed*^"** 

We have *^ **^^*"' 



o= . — i — 



n.n-\-l ., n.n-\-l.n-\-2 



( n.n-\-l n.n-\-l.n-\-:£ ) 



n.n-i-l . . n.n+l.n-\-2 .^ « 
2 2.3 

a a 

•• Kn) =t^--2-^"^^^3 — *'-*^| • 

Expanding the right-hand side of this equation by the multinomial 
theorem, we get (see Algebra — Multinomial Theoreyn) 



2 



(a\ n+l /W\n+1 n — 1 

-J =G) =i+-^*-^+<fco. . . . (1). 

The coefficient of the term involving i^ will be found to be zero. 



Writing i8=( -1 —1, and neglecting higher powers of «, 

we have )8=* T^i^=^^—2>i^, say. 

The first approximation to the value of i is «=)8 (see Art. 56). 
The second approximation is given by putting i^=^i^^ whence 

p-i-pip'^ 






The third approximation is found by putting **=».-— ^——, 
whence 
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0=i—pi 



1-p^' 



1_ P? 



Similarly, if A be used to denote ^ f , then the value 

of * is given by the formula 

i= ^Ti:'^'-]P> where y= (^^-1 . . . (Y). 

Again, if B be used to denote the value of a deferred annuity 

for n years after m years, then B= ^^ : , and 

the value of * is given by the formula 

. {12(2w+w + l)-(w2-l)8}8 , . /»\Sh^i 

^= 12(2^+^ + l)-2(^--l)8 "h^^^=(BJ -^ • (^)- 

In Note D, p. 137, Baily gives a formula for another case, 
namely, where the annuity deferred is a perpetuity, that is, in 
formula G when 7i=oo . 

The formula of this nature, given by Professor De Morgan, 

on p. 65, vol. viii., of the Journal of the Institute of ActtMries, 

affords apparently a good approximation to the true value, but 

the process of computation is somewhat intricate. 

FonauiM bj ^® Morgan proceeds as follows : — Let * be the interest of 1 for 

Sm uubmTpiv^' 0^^ year, n the number of years of an annuity payable yearly, and 

a its present value. Given a and n, required t . 

We have a = — -^^-: — - — . 

f 

Let <=-• ^— , then 

3 n + 1 -4342945 ' 

iog(i+0--— ^^:jn---ti+i3-^-2oa=o^i . . (El) 



une par- 



POMA M Bauj t. 
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Similarly for the amount of the annuity, if A= : , 

XI ixx 1 ^+1 logA— logn - , 

then let ^= - ^o.^.q.^ , and we have 

3 n—1 -4342945 

Again, for the value of an annuity for n years deferred m years, 
if B denote its value, then 



B = 



(I4.i)-i»«.(l+ /)-(«»+») 



Let 



t=l 



n»-l 



.lei^?^, then 



3 (2m'{-n+iy -4342945 



No demonstration of these formulas is given by De Morgan, 
but in the Note appended to this Chapter will be found an indica- 
tion of how the formulas may be deduced. 

The following table shows the relative degree of accuracy 
obtained by the use of Baily's formula (E) and De Morgan's 
formula (Ei). 



n 


Trub Rate of Interest t = *05 


Rate by 
Daily's formula (E). 


Rate by 
De Morgan's formula (E,). 


10 
25 
50 
75 

100 


•05000 
•05003 
•05019 
•05060 
•05140 


-05000 
•05001 
•05004 
•05014 
•05019 



At 10 per-cent (^='1) and n=2l, De Morgan's formula (E^) 
gives t=-1001 ; and for n=100, the value given for i is t=*1063. 
De Morgan's formula (F^) for amounts of annuities also gives 
results near the truth. 

* De Morgan says that probably in this formula (Gt^) <* p: — 7^ would be 

(1 — r; 

found to be more accurate than t^, thus taking the same form as in 

formula (E^). 
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On the Determination of the Actual Eate of Interest 
PAID BY A Borrower, where the Amount of Capital 

REPAID IS DIFFERENT FROM THE AMOUNT ADVANCED. 
(See Note at beginning of this Chapter,) 



On the aotaal 
rate of interest 
in the case of 
a loan to be 
repaid with an 
adoition to the 
•urn advanced. 



(64) Once more reverting bo Art. (54), let us suppose that 
the person who invests his capital does so on the terms that, 
although he is to receive the full benefit of interest at the rate * 
thereon for n years, together with repayment in full at the end of n 
years, yet the borrower is willing to take, instead of 1, the reduced 
sum of 1—Pi undertaking to pay interest on the full amount 1, 
and to repay that amount at the end of n years. It is evident that, 
under these circumstances, the lender is doing something more 
than investing his money at the rate i. As a matter of fact, he 
only advances l—j?, and as he receives i as interest thereon, this 

is in itself equivalent to investing his money at the rate = f. 

1—p 

In addition, instead of simply receiving back the sum of 1—p at 

the end of the n years, he actually receives 1 — ^that is, the loan 

is repaid with a premium or bonus addition. 



Now, since 



ian-\-v''=l ; 



Let *' be such a rate of interest that 



and 



where 



V 



(l'-p)a^=a'^ . 
(l—p)v^=v'^ . 

= (1+0"'' and a';^= 



(a) 



} 



l-v'^ 



Now, since conditions (a) and (b) are to hold simultaneously 
we have, from (ft), 



r«= 



V 



i-p' 
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and substituting in (a), we get 



1- 



v'^ 



.'. fVij-f t>'«=l-- ^ .... (1) 

We see that (1) indicates that if the lender only advances 
1— jp, but the debt bearing interest at the rate * is considered 
to be 1, to be repaid in full at the end of n years, this is prac- 
tically the same thing as the lender investing the sum of 1— jp 
at a higher rate of interest than that nominally paid by the 
lender. 

From (1) we have at once, 






that is, the loan or debt bearing interest at i, to be repaid at the 
end of n years, being 1, and the sum actually advanced by the 
lender being 1—p, the difference between the two, or " the discount 
on the loan," namely p, is equivalent to the value of an annuity 
for the term calculated at the rate of interest actually paid by the 
borrower of the difference between the rates of interest actually 
and nominally paid. 

The value of i', the rate of interest actually paid and received, 
will clearly depend upon the values of p and n. 

The formula (E) may be put into the form 

i>=K(l-i^)~^'} ^^V .... (EO 

Here ^"(1— ■^) represents the interest on the capital advanced, 
1— -J?, at the rate actually made by the lender; and the dif- 
ference between this and i, the interest actually received by 
him, accumulated for n years, will amount to the additional 
sum p which he is then to receive over and above the 1—p 
advanced. (See Example 6 of this Chapter in Chapter V.) 
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Further oon- 
■ideration of 
fbe subjaot of 
Art. (M). 



(66) Let US suppose a series of such obligations entered into, 
so that 



I is borrowed, to be 
^' ( repaid at end of 



1 1 year, with an addition of i>, 



n 1— i?2 » 

99 1 Pn-l » 






2 
3 

«— 1 
n 



>> 



- » 
<&c. 












It is evident that the rate of interest actually paid by the lender 
will vary with each transaction ; and if the various obligations are 
incurred with different investors, each investor will receive an 
actual rate of interest different from the other investors. 

The borrower may, however, be desirous to ascertain the "ctual 
rate of interest paid by him considering the transactions as a 
whole. 

If i be, as before, the nominal rate of interest, and *' represent 
the actual rate of interest paid by the borrower, treating the trans- 
actions as a whole, we have, from (1), 



»Vi| +v' 


-N 




r i-p, 


+ia'2\ +»" 






+1-J), 


+ »V8i +«" 




^ = M 


+ 1-P9 
+ &0. 


+»VsziH-»'»- 


1 




+1— p„_, 


+ia';!i +»'» 


-• 




L +1-Pn 



Hence, by summation, we have 

(1 — v' 1 — v'^ 1 — v'^\ 

t If % J 

.*. * ( jf J + a'^ =»— (pi +i>2+ . . +jp») 



.•. i?i+i?2+. .+i?»=^^-^ (*'—**) ...•(F) 

1 
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(66) Let us now take the most general case. Connderation of 

Let us suppose c^, Cn^, ^na • • • to be the amounts respectively of Art (64). 
repayable at the end o£ ni, n2t ns , , . years, bearing interest in the 
meantime at the nominal rate i; and let Cm—pi, Cn^—p^i &c., 
respectively denote the sums actually advanced in respect of Cn^ , 
c»j , &c. Then we have, if i\ as before, denote the actual rate of 
interest paid by the borrower, considering the various transactions 
as a whole, 



r-* 



% 

(Q) 

On examination of the formula (E), where the capital to be 
repaid is 1, we see that 1—v'^ is evidently the difference between 
the capital receivable and its present value. 

Similarly, in formula (F), n is the capital to be repaid, and a'^ 
its present value ; so that n—a^ is the difference between the 
capital receivable and its present value. 

Again, in the general case of formula (G), we. see that the 
capital receivable is Cni + <?«2+c»8 + &c., and its present value is 
Cn^(l^t^)-ni^Cn,(l + t^y^ + Cn^(,l + i'y»-\- . . . ; SO that the 

expression which is multiplied by — :^ is the difference between 

the capital receivable and its present value. 

(67) Hence we get the general result — OenenOization 

of the results 
of Arts. (64-66) 

Difference between sum repaid ) *^— » ( (Sum repaid less its reUtiag to low 

> ^^ __^_^_ J trSJUMMtlOBS. 

and sum advanced J i^ \ present value.) 
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If we call C the capital receivable, A the sum advanced by 
the lender, C the present value of the capital receivable, then 
this result becomes 

C-A=^(C-C') (H) 

If, therefore, in any given loan transaction the nominal rate 
of interest is known, and the rate of interest which the lender is 
to make on the transaction is also given, the value of C— A, that 
is, the discount on the loan, may be at once ascertained. 

The formula (H) may be thus put : — 

• 

(y+(c-c')4,=A. 

Now C is the present value of the capital receivable, and A is the 
present value of the entire loan (interest and capital). Hence 

(C— C) ■:{ denotes the present value of the interest receivable on 
If 

the loan. (See Art. 53.) * 

On the appiica- (68) Let US now proceed to consider whether the same formula 

bility of formula ^ ^ ^ . 

of Art 67 to the may be applied to determine the rate of interest actually paid 
the rate of }yy the borrower. 

interest actually . •^ 

We have C— C'= Capital receivable less its present value. 

J Present value of interest receivable at 

( rate T. 

C— C __( Present value of interest receivable per 
i^ \ each unit in the rate. 

t" _ J Rate of interest for which a payment of 
C— C ^ 1 down will provide ; 

*'(C--A) ^jRate of interest for which the discount, 
** * C-C "I C - A, wiU provide. 



naid by t 
Sorrower. 



the 






Hence, the difference between the actual rate of interest and 
the nominal rate of interest can be foimd approximately by 
assuming some value near to the true value of i\ and substituting 

this value of i' in i, / ; and it is clear that the nearer this 

* It is evident that if C — C be the present value of the interest when the 

interest received is at the rate i\ then (C — C) -^ will be the present value when 

* 

the interest received is at the rate t. 
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assumed value of i is to the true value, the nearer will the exact 
value of f'— * be approached. 

(69) If we refer, now, to the formula (C) for the approxima- comparison 
tion to the actual rate of interest corresponding to a given value obtained roiuits. 
of an ordinary annuity for n years, namely, 

^=*-*=^r^ approximately; 

then, comparing this with (H), we have a' =C= capital receivable ; 
and instead of the approximate true rate ^ and a! the corresponding 
value of the annuity, we have the actual rate **', and the actual 
value of the annuity A, that is, the sum advanced. And in the 
denominator we have C, the value of the capital receivable at the 
actual rate *' instead of nv^'^^, which is the value of the capital 
receivable at the approximate true rate *. This will appear from 
the following : — 

Eeferring to Chapter II., Art. (24), we know that 

Amount redeemed — ^that is, portion of capital ) __ 
receivable at end of tth year ) 

/. Present value of do. do. =t?«-'^+iXt?* 

And, as there are n payments of annuity, we have 

Present value of capital= i?^ Xv-\- v^~^ X t?^ -f ...+«?* X v^^^ + 1? x t?« 

It will be observed that, in the application of formula (H) 
to the determination of the exact rate of interest in any given 
loan transaction, the only quantity requiring calculation is the 
present value of the capital receivable ; and, generally speaking, 
this will be found to be a simpler process than the computation 
of the present value of the periodic payments, constituted of 
interest and repayment of capital. (See Art. 53.) 

Reference may be made to a paper by Mr. W. M. Makeham, 
p. 132 of vol. xviii. of the Journal of the Institute of Actuaries^ 
where the subjects referred to in what precedes, are discussed 
at some length, and to Example (3) of the Illustrations of this 
Chapter in Chapter V. 
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Vnmoioal 

illastmtioiu of 

nreoeding 

ArtiolM, 

FomuilM 

A, B, C, and D. 



(70) As a numerical illustration of formulas (A), (B), (C), 
(D), let us take an annuity for 100 years, whose present value is 
9*5233704, required to ascertain the actual rate of interest. 

If the annuity were to run for ever — that is, if it were a per- 
petuity — it is clear that the value would be somewhat greater than 
9*5233704; that is, more nearly approaching to 10, which would 
be the value of a perpetuity at 10 per-cent. 

Let us take 10 per-cent, or ^'=10, as the approximate value of r. 



-100 



log (110) -^«>= -413927= 5-86073 

:log-» -00007257 

9-9992743 

9-5233704 

•4759039 

9-5167735 



l-(l-lO) 
•10 



=fl' 
=a 



9-9926774 =a'-;tt?»+i 



log (110) -^«^= -418066 
= 6-81934 

/. (1-10) -^«^= 
100 X (1-10) -i<>^= 



-000065969: 
•0065969 : 
9-5233704 = 
9-5167735 : 



a 



Hence we have 

Formula (A) — 
_ -10(4759039) _ -04759039 log=2-6775192 
^"" 9-5167735 ""9-5167735 log=0-9784897 



(a) 3-6990295=log-^-00500068 



P= 



Formula (C) — 
'10(4759039) _ 047590 39 log: 
99926774 ""9-9926774 log: 



:2-6775192 
:0-9996818 



Also 
100 X 101 



(i) 3-6778374=log-^-004762627 
(a) - (b) -0211921 



:5050=^^^ and log (l'10y^^= 



-4-18066-04139 
-4-22206 
6-77795 
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Again, log 6060 =3*7032914 = log ^:^±i 

2 

log (110) -^«»=6-77795 = log t?»+3 
log =3-6990296 = log ^^^ ''^\ 

log -0015145 =3-1802709 = log^:^i;^+2 t(a*-a) 

•0211921 



log -0014424 =3-1690788 = log --^-75 — ^^-^-^ A ""^i 

Hence we have, 

Formula (B) — 

_ -10(-4769039) __ 04769039 log=2-6775192 

" 9-5167735 + 0015145 "" 9-5182880 log=0-9785589 

3*6989603 
=log-i -00499989 
Formula (D) — 

•10(-4759039) 04759039 log=2-6776192 



9*5167735 + 0014424 9*5182159 log=0*9785556 

3*6989636 
=log-i -00499993 

The true value of p, as will appear from Art. (57), is p=*005; 
so that formulas (A), (B), and (D), give very close approximatidns 
to the exact value, -10+ '005, or *105, whereas (C) is considerably 
in error. This arises frpm the fact that, taking 10 per-cent as 
the approximate rate, is a rougher first approximation than would 
generally be the case when tables are used. 

(71) As numerical illustrations of formulas (D^) and (D2) Numerioal 

11 .1 .1 A 11 • niustrfttioiui 

let us take the followmg : — oontmned— 

FoimiiUwDi 
and Da* 

Formula (Dj) is y = ttt •* ^ /.«n 

A ^ ,.« . «— <h A%i (Art. 62). 



H 2 
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[Chapter IV. 



A. An annuity-certain for 30 years is bought for 19 years' 

purchase ; what rate of interest is made on the investment ? * 

Here, using (Dj) and Interest Tables for every J per-cent, 

we have 

a=190000; *=:03+p; A=0025; 



at 3 per-cent ai= 19*6004 
„ 3i „ 02=18-9819 
„ 3i „ «3= 18-3920 



A 

-•6186 
-•5899 



+ •0286 



«-ai=--6004; iA2=0143; A-iA2=--6328 ; 



p=0025^ 



6328 



143 \-^ 
63287 



6004 
= 0026(1054-023)-» 

= :29?^ =.002425; 
1031 "^^^^^ ' 

»= 032425, 

which is correct to the last figure. 

B. As another example, we will take the case where the 
purchase-money is 0= 11^99051, and the term=30 years ; to find *. 

Taking the values of the annuities at 7i, 7^, and 7|- per-cent, 
from the Tables, we have 



whence 



0= 11-99051 



A 

—29327 



-•28178 



A^ 

+ 01149 



fli=1210366 
«2= 11*81039 
fl3= 11-52861 

A=0025; a-flfi=- 11315; iA2=00575; A-|A2=-^29902; 

^.^/ 29902 575 \-^ 
^^=•^2^ 11315 -2-9902) • 

whence p is found to be '000953, and consequently 

^=/,+p=•072500+•000953=•073453 ; 

which, again, is correct to the last figure, the true value of i being 
•07345253. 

* This Article is taken from the paper by Mr. G. F, Hardy, in which the 
working formulas D^ and D, are given. 
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If no tables are available which give annuity- values for every 
quarter per-cent, ifc will be found sufficient to use the logs or 
reciprocals of the annuity- values with the logs or reciprocals at 
intervals of J per-cent. Thus, taking Example A, with the values 

of -- given in the Tables for 3, 3^, and 4 per-cent, we have 



1_ 


— =•0626316 




1 


= 0510193 


A 

+ 0033520 


-f ^0001068 


1 


= 0543713 


•0034588 




1 


= 0578301 






A=005; ~ 
a 


^=•0016123; 


iA2= -000053^ 


|j; A-iA2= 



whence 



P= 



.^^|32986_^ 534.- 



U6123 • 32986) 
= -005(20621) -1= -0024248 

' ^1= 0300000 



The true value is 



.-. *•= 0324248 

•032425206, 



which result differs from the truth by 4 in the 7th place. If 
the logs had been used instead of the reciprocals of the annuity- 
values, the result would have been in error by only 1 in the 7th 
place of decimals, or about y^*^ ^^ * penny per-cent. Even 
with intervals of 1 per-cent in the tabulated values, this method 
gives fair results. Thus in Example B, when the reciprocals are 
used for intervals of 1 per-cent, **= '073450, or by logs »= -073455, 
which results are respectively less and greater than the truth by 
the quantity -0000025 ; that is, there would be an error in the 
rate per-cent of i^th of a penny. 

If we apply the formula to the example used in Art. (70) 
in illustration of formulas (A), (B), (C), and (D), namely, 
rt= 9*5233704 ; term =100 years; and further assume that we 
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have only the values tabulated as far as 10 per-ceht (taking 
tbe values at 8, 9, and 10 per-cent, and working with the 
reciprocals), it will be found that **= '10499992, a result almost 
identical with that obtained by formula (D) and De Morgan's 
formula Art. (60). 

The formula may obviously be employed in the solution of 
any similar inverse problem; for example, to find the rate of 
interest returned to the purchaser of a Debenture Bond. In this 
case we have to solve the equation 

I'l— »— - =0 (see formula (E), Art. (64)), 
a 

where i^ is the nominal rate of interest, i the true rate, p the 
premium paid for the bond (a negative quantity if bought at a 
discount), and a the value of an annuity for the given term of 
n years at the rate i. Thus, let i\=:06; p=*076; «=20 (the 
number of years at the end of which the bond is redeemable at 
par). 

We have, 

at4per.cent (»i-.*)-^=02--076 (-07358175) = + -01448137 =Vi 

d 

„ 5 „ =01--075 (08024259) = + -00398181=«, 

„6 „ = --075(08718456) = -00653884=1^ 

Here*=-04+p; w-Vi=- -01448137; iA2= - 00001055 ; 
A -iA2= -01048901; 

_/ 1048901 1055 y> 
.-. p- 01 ^^ j^g^gy + 1048901 ) 

=•01378710; 

whence **= -05378710, a result which differs from the truth by 
unity in the 8th place. 

Generally speaking, however, it is sufficient in these problems 
to use the ordinary interpolation by first differences ; thus we get, 
in the above example, from u^ and t^, 

»= 053785, 

which is true to the 5th place. With rates at intervals of a 
quarter per-cent, the results by this latter method are, perhaps, 
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as exact as can be required for any purpose. Thus, taking the 

values of - for 5i and 6^ per-cent in the above example, we find 
a 

»= -05378690, which, though not so exact as the result given by 

the formula (Dj), yet differs by only -g-^th of a penny per-cent 

from the true rate. 

Formula (D.) is ^ = _^?i±I!^!?i_ . 

a— Oi 2 

. If we apply this formula to Example A, we get (taking the 
values to an extra figure) 

A = -•61852, JA2=01432, 

a— flri= — -60044; 

•60420 
whence p=: 0025 ^ (61852)2 



■60044 



-01432 



log •61852=9-79135 



log C61852)2=9-5827l 
log •60044=9-77847 



log •60420=9-78118 
-log •62283=979437 



9-98681 



-floff 0025=7-39794 



9-80424=log -63715 
- 1432 



log -0024252=7-38475 



•62283 



.•. p= -0024252 
and «= 0324252 



which is true to the last figure. 

In the same way we get for the value of if in Example B, 
*= -0734528 with an error of 3 in the last place. 

(72) In this Article it is proposed to give numerical illustra- Numerioal 
tions of the general formula (H) of Art. (67), due to Mr. Makeham. oontmued— 

f omiiilft jit 

We will, in this place, take examples of its direct application, 
that is, where the nominal rate of interest is known, and the rate 
of interest which the lender is to make on the transaction is also 
given, to find the discoimt on the loan ; in other words, given C 
the capital to be repaid, i the nominal rate of interest, and t" the 
actual rate, to find A the amount to be advanced. 
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Example 1. — A sum of £125 is to be repaid as follows : — 
One twenty-seventh at the expiration of 4 years. 

» >J ?> ^ 99 

And so, finally, 
One twenty- seventh at the expiration of 30 years, 

interest being payable in the meantime at the rate of 6 per-cent, 

required the value of the loan to yield the purchaser interest at the 

rate i^. 

The payments of capital evidently consist of an annuity of 

125 

— — for 27 years, first payment at the end of 4 years. The value 

of the capital receivable is therefore 

C= capital i'eceivable=125. 

Hence the value of A — ^that is, the value of the loan or the 
sum advanced — is given by 

A=C'+(C-C')^ (Art. 67) 

it" 



t" 



06 .A -oexa+O"^ i-ci+O""" 



= 125|-r + (^l--r;-27 7 T 

When f is known, the numerical calculation can be readily 
performed. 

Example 2. — ^A loan of £10,000 is repayable (as follows) in 
40 years, with a premium of 25 per-cent, viz., 

£ 94 (plus 25 per-cent) at the end of first year, 
102 „ „ second „ 

110 „ „ third „ 

and interest at the rate of 2*4 per-cent is payable in the meantime 
on the capital outstanding — that is, on the nominal amount of the 
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loan together with the premium addition of 25 per-cent. Required 
the value of the loan to yield interest to the lender at the rate of 
5 per-cent. 

Using Mr. Makeham's formula, Art. (45), we have 



1 2 

Value of capital advanced =94V4o-f8y 



40 
1 



=94V.+8^--^(.^+*^)-^ Art. (45). 
xV f^. /.^ . A o) 40x8 

1 

Now ¥40(1= -05) =17*15909, and the above expression becomes 
Value of capital advanced=l715909x {94+320+160} -6400 

= 1715909x574-6400 

=9849-317-6400 

=3449-317 
Value of interest receivable= (10,000-3449-317) ^ (Art. 67) 



}- 



=3144-328 

Hence, value of capital advanced + value . 

r . ^ X ' ^^ } =3449-317+3144-328 

of interest receivable j 

=6593-645 ; 

and as the capital advanced is to be returned with 25 per-cent 
addition, we have 

Value of loan=6593-695 X 1*25 

=8242-056. 

It will be seen that this example is identical with that given 
in Arts. (46) and (48) ; for the annual payments in respect of 
interest and capital are 

1st year . 125 X 94+024x12,500 =4175 
2nd „ . 1-25 X 102+024 X 12,382-5=424-68 

and so on. 

For further illustration of the formula (H) of Mr. Makeham, 
and of Mr. Gray's formula. Art. (47), see Example 2 of Chapters 
III. and IV., in Chapter V. 
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NOTE TO ART. (63). 

On thb Mbthod of DBDirciNo Db Moboan's Fobkitlas 

(E.). (F,), (Gi). 

Referring to equation (1) of Art. (63), we have 

a 
a' n+l «-l 

; -i+.-^.»+&c. 

If we continue the series on the right-hand side, by the aid of the 

_ i 2 

Multinomial Theorem, we get, uniting for - its equivalent- , 

a "'^^* 12 * ^ 1440 » + . . . W 

We may write the right-hand side approximately in the form 

(1 +»/- -13 *+ 1440 **+ 

= (l + t)Jx(l + f)*i^""r*+ m ^+1 .... (3) 

Now, referring to (2), and neglecting t^ and higher powers, we get 

1 



.*. ^ogr € - ~ ^^ €(1 + 1) * =* H approximately ; 

n + 1 <i ^ • 



l.^LL^iog «.(^zil».^ 

3 « + l ^a 6 



Hence (1 + »)* ('" ^ = (1 + »)**' "'^ * 



and since this is approximately equal to - , we have 



(1 + i)*^^"'**-*^^ 

Hence, combining (a) and (b), we shall have 

l + t=(l+t)*x(l + i)* 



Wn+l «»+l l-« 
- X - 

a a 



nn+i 
a 



Ti('+r^.) 
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It is not clear what is the exact nature of the method adopted by 

n 
De Morgan, in deducing the next term of the series forming the index of - 

in formula (Ei). 

Similarly, if A=s ^ -. , we have 

«.»— 1 . 

A»«+ r » + . . . 

A , 11-1. 
» 2 



■• (t)- 



- . . . « + l -, « + l.«— 2.»— 3 .. 
12 1440 



Adopting precisely the same method as that just used, we get approximately 

.*. 7^^^€- ^a approximately; 



% ^ 



l» + llno. A 11 + 1. 



•" 3«-l ^^n 6 *"^' 

... (luf^^^^-AK^ 

„ , ..1 A»-i 'i-« 

1 
and (l + »)»«^*"'. 

, . AiTl^+iii) 
.". 1 + 1=- 
n 

Here, again, it is not clear what is the exact nature of the method used by 

A 

Be Morgan in obtaining the next term of the series forming the index of - 



n 



in formula (Fi). It is evident that similar reasoning will apply in the third 
case, that of the formula (Oi). 



108 f ABT I. — ^nrrxBEST. 



CHAPTER V. 



PRACTICAL EXAMPLES AND 
ILLUSTRATIONS. 



The following practical examples and illustrations of the 
propositions contained in the preceding chapters, are here given. 

CHi:PTEE I. 

5n aocumuia- (1). — A sum of &a is invested at the rate 'p per 1, and the 

iom in Ooniols* 

dividends (3 per-cent, payable half-yearly) are invested in Consols 
as received at the rate of g' per 1. To what amount of Consols 
will the whole have accumulated at the end of n years, allowing 
for income-tax at the rate of r per 1 ? 

As J) will purchase 1 of Consols, 

a 

» ^ » "■ » 

Now, the interest for half a year on 1 of Consols will be 'OlS , 
and the income-tax payable thereon „ 'OlSr ; 



the net amount of interest available for 
re-investment 



} „ -OlSa-r). 



And this, invested in Consols at the rate q^ per 1, will yield an 
addition to Consols of - (1— r)*015. 
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This is the net half-yearly rate of accumulation of the original 
amount of Consols, namely, - ; 

.*. Art. (9), the total accumulation in Consols at the end of n 

a ( 1 ^2» 

years wiU be - |l+ - (l-r)015| . 

Numerical Illriatration. — ^A sum of £1,000 is invested at the 
rate 97i per 100 Consols, and the dividends are invested in Consols 
at the rate 98^ per 100 Consols. To what amount of Consols will 
the whole have accumulated at the end of 15 years, allowing for 
income-tax at the rate of 6^. in the £ (*'.«., '025 per 1) ? 

Here «= 1000 ^'=•985 2;t=30 

j9= -976 r=:025. 

Hence 

Amoimt of Consols required= -^^-- 1 1-f ^^^ (1—025) '015 [ 



do 



1000 f, . -975 ^,,)«> 
= ^1^^:985 ^-^^^l • 



Now 



log •975=1-9890046 log 101484772= -0064010 

log 015=21760913 log (101484772)«>= 192030 

2^I^5^ log 1000=3- 



3192030 

# 

log •986=l-9934362 log •975=1-989005 



21716597 3-203026 

=log-i 01484772 =log-i 1596 

Thus the accimiulated amount of Consols is £1596. 

(2) . — To show that if I be the rate of interest per-cent, then j^ ^hat time a 
the nimiber of years in which a sum will double itself at compound SproSioe itodf 

• j A. * * 'i-ir J i_ x» 1 • given number 

mterest is given approximately by the formula of times by 

aooumulatum 
ftf. at compound 

XT T_ p . J by . interest. 

JN umber of years required = y . 
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' We have, if i be the rate per unit corresponding to I per-cent, 

(1 + 0*= 2 

_ log^ 2 

__ logio2xlog^lO 

loge (1 + 

(See Algebra — Tkeory of Log€tritkmi.) 

_ log^2 X 2-80258500 
~ log«(l+») 

•3010300x2-30258509 



log,(l+») 
•6931472 



(1) 



log« (1+0 
Now (Alffebra — Exponential Seriet) we know that log«(l+*) 

If we take the first term of this series as our first approxima- 
tion to the value of log«(l+0> w® h&ye 

•6931472 



n= 



69-31472 



(since 1=1000- 



It is evident that the larger the value of I (or ^^^ 1^^ 
accurate is this formula, inasmuch as the n^lected terms of the 
series for log£(l+0 become more important the larger the value 
of i. An indication of the accuracy of this formula will be 
gathered from the following table : — 

69 9 

T (1+0^ 

69- 1-986 

34-5 1-980 

23- 1-973 

17-25 1-967 

13-8 1-961 

11-6 1-955 

9-857 1-948 

8-625 1-942 

7-667 1-936 

6-900 1-930 



Bate of Interest 
per-cent. 

1= 1=100» 
2 
3 
4 
5 
6 
7 
8 
9 
10 
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Thus we see that when the rate of interest is 1 per-cent, a 

69 

sum amounts to 1*986 times that sum in -^ years, or nearly 

double, whereas at, say, 9 per-cent, it only amounts to 1*936 

69 
times the original sum in — years. 

Keverting to (1), we have, approximately, 

•693 -693 



« = 



log. (1+0 ^ 



* ■ 2 

69-3 

I 
69-3 



= — ^ (^ ■•■ 2 ) approximately 
_ -693 -693 

— — : T 7r~ n 



= __ + .35 



Thus -^=— with a constant addition of '35, no matter what the 

value of I, will be found to give n very nearly. 

Applying the method just indicated to obtsdn the value of 
n in the equation, 

that is, to find the time when a sum will become- m times the 
original amount by accumulation at compound interest, we should 

have 

log^^ log^^ ^^^^^^^..^ 
n = — ^ 1 — ^i — , approximately. 

(3). — Let the sums Si, S2, S3 . . . S« be respectively payable ^ ^^ equatu 
a?i, ar2> ^3 • • '^w years hence: it is required to find the number «'P*y»»«»*»« 
of years hence when, if all the sums be then paid down, neither 
borrower nor lender will lose or gain by the alteration. 

Let the required number of years be denoted by a?, and let i be 
the rate of interest allowed in the transaction. 

Then we have 

,^ ^ « ^ . ( Present value of all the sums 

(Si+Sa+S3+..-fS»)t;*={ .« ., , , . 

^ ^ I if paid at end of x years. 

^^y /Total present value of the 

sums payable at the end 
SitH'i + S2t>*« + S3V*»+ . . +Snir*-n= •{ ^ -^ 

of a?i, d?2, ccz . . nOn years 

V respectively. 
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By the conditioiis, these present values are to be equal. Hence, 
for the determination of x, we have the equation 

(Si-f S2+S3-I- . . -|-Sn)t?*=Sit?*i-|-S2tr«^>-f S3«*»+ . . +S»©'». 

Let 81+82+83+ . . +S»=8 

8,0*1 +8at>*«+83t>*»+ . . +8»t?*»=V. 

Then we have St>*=V 

log V— log 8 



d?= 



logt? 



A rough approximation to the determination of the value of a?, 
called the " equated time," may be obtained as follows : — 

St>«'=S(l+*)-*=S(l--*;r) approximately, 
8itr^* =8i(l-*>,) 

and so on. 

Hence we have 

8(l-i;r)=8i(l-»ar,)+8a(l-i>2)+ . . +8„(l-*>n) ; 

8i^l + 82^2+83a?3+ . . +8^^,^ 

81^1 + 823^2+ 833:3+ . . +8^^^^ 

S1+S2+S3+ . . +Sn 

That is, if each sum be multiplied by the number of years hence 
that it is due, the products added together and divided by the 
total sum due, the quotient is approximately the " equated time." 



Chjlpteb II. 



On Mxmmu]*- (V). — Eequired to find the amount of an annuity for n years, 

tiont at different . ^ ^ ' 

rates of interest, payable quarterly in advance, supposing that the investments 
the period made at the beginning of each year are at the rate t, payable 

otherwise. yearly, and those made in the intervals are at the rate j, payable 

quarterly. 

The amount available for investment at the rate i at the end of 

the first year is evidently 
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= B , say. 

Now, B invested for n— 1 years at the rate i will amount to 
B(l-|-^)^-^ 

The amount available for investment at the rate i at the end of 
each of the succeeding years is evidently the same as for the first 
year, that is, B. 

Hence the total accumulation at end of n years will be 

=B{(l+0«-i-h(l-hO*-2-h . . +1} 



(2) . — Given the time in which a debt bearing interest is dis- on the time 
charged by given annual instalments: show how to find in how diaohargeadebt, 

Aooording^ as the 

much less time the debt will be discharged if the instalments are inataimenta are 

yearly or 

payable m times a year. otherwiae. 

Let P^ denote the amount payable annually to redeem the debt 
in n years, 

and Pj^ denote the amount payable annually by m instalments 

to redeem the debt in a: years. 

Now by the terms of the question we have 

P- - Pn ^ • 

But (Art. 26) Pq = "^ 



J- 7l| 


(1 +»)»-! 




P^"'= 


• 

t 
1 




■ (}- r - 


-1 






Hence we have (1 + ^*)*= ( 1 H — j ; 



. nlog(l+0 



logfl+- 



\m 
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On fha time in 
which a loan 
wiU be repaid 
at a nven 
aniMuu rate of 
lecMnptioiii* 



It will be noticed that in this example it is assumed that inte- 
rest is convertible m times a year when the instalments of annuity 
are so paid. 

(3). — If a loan is borrowed at a given rate of interest, and 
a per unit on the sum borrowed is annually applied towards 
paying the interest of such loan and towards discharge of the 
principal, to find the time in which the loan will be repaid. 

Here a is the total annual payment, so that if we deduct the 
interest /, we have lefb a—/ as the annual payment to redeem 
a debt of 1. 

Hence we have a— /=P^ 



(H-t)»-l ' 



(i+0*-i= 



a—% 



• f 



.-. (1+0*= 



a 



a—t 



• > 



On the aeonmu- 
lation of an 
annuity until 
the flrvt pay- 
ment haa 
donUed iteelf . 



log 



a 



a — t 



n= 



log(H-0* 



(4) . — An annuity-certain payable in advance is to accumulate 
until the first payment has doubled itself: to what sum will the 
whole annuity then amount ? 

If X denote the number of years when the first payment will 
have doubled itself. 



Then we have 



(l-|-0*=2. 



The amount of the annuity pay-) _ (l-{-i)^—l 



able in advance for x years 



)= 



t 



(1+0 



l-f*' 



I 



since (1 + 0^=2 



— ( P^sent value of a perpetuity 
( payable in advance. 

It will thus be seen that at the end of the x years there will 
be a sum in hand' sufficient to buy a 'perpetuity payable in 
advance. 
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From general considerations, it will be evident that this should 
be so. For of the 2 representing the accumulation of the payment 
made at the beginning 1 may be considered as the first instalment 
of the perpetuity due,' and the other 1 may be considered as put 
aside to accumulate for another x years, by the end of which time 
it will have amounted to 2, when again the same process of 
considering 1 as an instalment of the perpetuity due, the other 
1 being set aside for accumulation. 

It must be carefully borne in mind, in considering questions 
of this nature, that the epoch of reference, that is, the date to 
which all the values apply, is the date when the annuity has 
accumulated, not the present time ; consequently it follows, in the 
example just given, that the present value of the perpetuity 
dates not from the present time but the end of the x years, 
when the annuity has accumulated according to the terms of the 
question. 

(5). — Required to show how the amounts and present values 
of annuities payable more often than once a year may be deduced 
from the amounts and present values when payable yearly, the 
effective rate of interest being the same. Eef erring to Art. (40), 
we see that if an annuity be payable m times a year but interest be 
only convertible once a year, then 



Amoimt of annuity for n years = 



1 (l-htV-l 



m 



(l-fO"*-! 



Present value of 



do. 



1 1— t?* 
7n> — 

"* (l + »)m_l 



On the oon- 
neotion between 
amounts and 
present valuea 
of anniiities 
payaUe onoe a 
year or more 
often, the 
effective rate of 
interest being 
the same. 



Hence, 



(1-fO*— 1 
Amount of annuity = -^ 



% 



m 



(1+0^-1 



Present value of do. = 



1— t?* 



m 



(l-fO"*-! 



We notice here that the amounts and present values of 
annuities payable m times a year but interest only convertible once 
a year, are obtained from the amounts and present values of 

I 2 
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annuities payable once a year and interest convertible once a year, 

t 

by multiplication of the factor j . K, therefore, tables 

(1 + »)«-! 
of amounts and present values of annuities payable once a year and 
interest convertible once a year be given, the amounts and present 
values of annuities payable m times a year, but interest only con- 
vertible once a year, can be readily obtained, the same factor 
applying to both amounts and present values of annuities and 
depending only upon the value of m, being independent of the 
number of years the annuity has to run. 

A table of the logarithms of these factors for various values 
of * and m will be found in vol. xxiii., p. 183, of the Journal of 
the Institute of Actuaries. 

Let us take the case where ^=2, that is, the annuity payable 
half-yearly. 

t 

Then the faxjtor is ^ - ^ 1 (1±!)1±1 

(1 + 0*-! 2 (1 + 0-1 

_ (l-hQi-hl 
2 

Again, let us take the case where ^=4, that is, the annuity 
payable quarterly. 



Then the factor is 



4 i(l^i)\^i 



(l-fO^-l 4(1 + 0*-! 



^i {il + i)^ + l} (l + O^-hl 
4 (l-fO^-l \l+i)^+l 

_ i {i-f(i+Oi-Ki+oi-Ki+ot} 

4 (1 + 0-1 

_ i+(i+Oi+(i.+OH(i+0* 

4 



t 



When m^=co , it will be seen that the factor is ■= . (Art. 40.) 



If we refer to Art. (40), it will be at once seen how these 
constant factors arise. 
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Thus, Amount of annuity 

= -(n- (1+0-+ (! + »>+ . . +(l + i) + (l + ty^^+ . . 

+ .. + (1+0'-'} 

=-{i+(i+o^+(i+o^+-+a+o"^}' / ' 

This denotes that the annuity may be considered to be an 
annuity payable only once a year where the amount of each 
annual payment is 

- 1 1+ (l + 0"»+ (i + O"*-!- • • + (1 + 0^1 • 
(6) . — Annuity-values may be used in connection with the On eztontions 

or tchowaLi 

renewal of leases of property. Thus, suppose that an individual of leaaes. 
has secured by lease, for a term of years, possession of property 
bringing in a net rental of a given amount, and that after 
a certain number of years of his lease have run out, he wishes 
to extend his lease so as to prolong his possession of the property 
for a certain number of years after the time when the original 
lease expires. It is required to ascertain what sum he should pay 
for this extension or renewal of lease. 

Let I denote the net annual amoimt yielded by the properiy. 
n „ the number of years of the original lease. 
t „ the number of years of the original lease which 
have already expired. 
„ X „ the number of years for which the lease is to be 

extended or renewed. 

Then, if i be the rate of interest to be assumed, we have stiU, 
assuming I to be the net annual amount yielded by the property, 

1 — v^ 
Value of annual payment of I to run for a? years = — : — I = la^ . 

This is on the assumption that the term of a: years commences 
at once j but &a n—t years have to run before the term of a: years 
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commences, the present value is really that of an annuity for x 
years to commence at the expiration of n— ^ years. 
That is, 



Value of annual payment of I to run for x\ 
years after the termination dtn—t years) 



= «?»-^Iff^ (Art. 31) 



On MintdtiM 
•with different 
intervals for 
payment and 
oonvertion. 



Again, we may take the case where a property is held on lease 
for a term of n years, the lessee having the right at the end of n 
years to renew his lease for another term of n years, subject only 
to the payment of a sum down called a fine. These fines are 
generally imposed in place of increasing the rent, where the 
property is considered to be of greater annual value than the rent 
imposed, and it will of course follow that they may vary in amoimt 
from one term of lease to the next. 

If we suppose the fine imposed at the end of the first, second, 
third . . . Twth term of years to be Fi, F2, F3 . . . Fm, and desire 
to estimate the present value of the next m fines when there is still 
unexpired n—t years of the first lease, we see that such present 
value is given by the formula 

Present value of next wfines=t?*-*{F,-f Fat?* -fF3»^-h. .-fFJ'"-^^*}. 

If Fi, F2 . . F^ be assumed to be all of the same amount, say 
F, we have 

Present value of next m fines = Ft;**-*{l + «;**-ft?2n_|- _ _|- 2,(m-i)»| 



= Yv'^-* 



1—v^ 



If, further, we assume w to be infinite, we have 

Present value of the fines in perpetuity = . 

(7). — In Art. (38) it has been shown that the value of a 
perpetuity is the same no matter how often interest is convertible, 
provided the payments of the perpetuity are made simultaneously 
with the conversions of interest. 
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In other words, if a? be the nominal rate of interest, then 

(m) 1 

As, therefore, a perpetuity is of the same value however often 
payment and interest may be subdivided, it follows that two 
annuities, with different intervals for payment and conversion, 
must show a turning-point, before which the present value of all 
the payments made in one year in the case of one annuity exceeds 
the present value of all the payments, made in the same year, in 
the case of the other annuity, and after which the present value 
of the payments in one year, in the case of the first annuity, falls 
short of the present value of the payments in the same year in 
the case of the second annuity. 

Take the cases where interest is convertible and annuity pay- 
able once a year and m times a year respectively. 

In the tih. year the value of the payments made are respectively 






V* and ■- • : — I . If these are equal we have 

i) 






whence t = 



\ mJ 
1+-) -log(H-*) 



Now, De Morgan has shown, in the Journal of the Institute 
of Actuaries, vol. xii., p. 207, that the above result may be put 
into the form 

^ 1 . Sm+l ^ 6(w-l) .^ 

and this series is always less than - -fl when i is less than unity. 
The example given by De Morgan is as follows: — 1='10, so 

that T+l=ll. 
t 
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^ Pbesbnt Value op Paymeitts hade nr Teab 

Tear. c « i 

f»^5. tn^Z» fn^l. 



1 


•9427 


•9297 


•9091 


9 


•4269 


•4259 


•4241 


10 


•3867 


•3863 


•3855 


11 


•3602 


•3504 


•3505 


12 


•3172 


•3178 


•3186 



Here we see that as far as 10 years the value of the payments 
is greater the greater the value of m, but in the 11th and following 
years, the greater the value of m the less is the value of the 
payments. 

It is to be particularly remarked that the formula for determining 
the turning-point is independent of m. 

Another curious property to be deduced from this result is 
that for deferred annuities, where the term t for which they are 
deferred is not less than the turning-point just determined by the 
formula 

1 Sm+1 5(^-1) 
^"i'^ 4m '^ 12^2 ^-^"^ 

the greater the value of m the less will be the value of the deferred 
annuity. 

Where, however, the term for which the annuities are deferred 
is less than t, we cannot say beforehand whether the value of the 
deferred annuity will be less or greater according as m varies, 
except in the case where the term for which the annuity is deferred 
and the term for which it is to vary are together less than t. In 
this case it is clear that since the value of the payments made in 
any one year is always greater the greater the value of m,' the 
deferred annuity must necessarily be greater the greater the value 
of m. 

As regards immediate annuities it is evident, without any 
demonstration, that the greater is m the greater also is the value 
of the annuity, since an immediate annuity for n years -f a 
perpetuity deferred n years always amoimt together to the same 
value, namely, an immediate perpetuity whose value is independent 
of w. 
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8. — Suppose it is required to find the value of a series of On fhe value of 
annual payments in geometric progression. For instance, let payments in 

flreometnc 

the first payment, due at the end of a year, be A; the second, progreaeion. 
due at the end of 2 years, A^ ; and so on : that due at the end of 
n years being A**. Then, if the rate of interest to be used in 
determining their present value is *, we have 

Present value of the 1 ^ »• « *« « 

} =At?-fAV+A3i?3-f . . ^A'^v^ . . (1) 
n payments J 

=:X-fX«-fX3-h . . -fX» .... (2) 
where 'K=Av, 

A 1 

If, now, X=At*= - — ; be taken to be equal to , we see 

l-j-* l"rl 

that the series (1) is the value of an annuity-certain for n years, 

where the annual payments are each 1 in amount, at a rate of 

A 1 



interest I, such that 



l-hi"l + I 



1 + i 
Hence it follows that the value of 1 is — 1, and consequently 

the value of the series of n payments is that of an ordinary 

1-f-t 

annuity-certain for n years, calculated at the rate of interest — r 1 . 

A. 

Let us suppose A=l-fy, so that any payment, say the rth, 
is (l-fj) times the (^— l)th; in other words, that 

A^=(l-fi)A^-i 

=A<-l-f-iA^-^ 

Further, let the series of annual payments be in perpetuity. Then 

1 l + i 

their value is known to be ^ where 1= — r 1 

i A 

_1 + ^' 

Hence the value of such a series of payments in perpetuity is 

l-f; 1 

-^—^. • Now : — ; is the value of a perpetuitv of 1 at the rate of 
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interest i—j, and 1-1-^= A is the first payment of the increasing 
perpetuity. Hence it follows that the value (calculated at a rate 
of interest t) of an increasing perpetuity where the rate of 
increase in the payments is^, is equal to the value of a perpetuity 
where the payments are all of the same amount, namely, 1-f^', 
that of the first payment of the increasing perpetuity, calculated 
at a rate of interest equal to the difference between the original 
rate of interest ?', and the rate of increase in the payments y. 



ChAPTEBS III. AND IV. 



Example iUu«- (1) . — A bond securing an advance of 1 payable at the end 

appUcation of of ft years, with interest in the meantime at the rate /, is 

Hakeham's 

fonnula. 1 

to be repaid by equal instalments of -. Kequired the price to 
be paid for the bond to yield the purchaser interest at the rate *' . 
Here G (Art. 67)= present value of capital receivable 



= -|«;'-f«;'2-|.t,'3^ . .^'nl 



n 



.-. 1-A=%^(1-C') 



Example 
illuBtnting the 
applioatioii of 
Oray's formula 
and Makeham's 
formula to the 
determination of 
the rate of in- 
terest in the ease 
of a loan where 
the sum repaid 
differs ftxaa that 
advanced, 



.'. A, or price to be paid) __^ *'~~Vl ^^^\ 
for the bond j i' \ n J ' 

(2) . — In this case it is proposed to give at length a practical 
illustration both of Mr. Makeham's formula in Chapter IV., and 
of Mr. Peter Gray's formula in Chapter III. 

Mr. Gray thus states and deals with the problem in question 
{see vol. xiv. of the Journal of the Institute of Actuaries, 
p. 182) :— 
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In the Austrian Loan of 1865 the conditions are as follows : — 

734,694 bonds, each of £19. 17s,, issued at £13. 14«. 4id., 
that is, at a discount of £6. 2«. Sd. each. 

£1 per bond to be paid on application, say, Dec. 1, 1865, 

and the remaining £12. 14*. 4r/. in the following 
instalments : — 

1 19 7 on Dec. 15, 1865. 

3 11 7 „ Feb. 10, 1866- 

3 11 7 „ April 10, „ 

3 11 7 „ June 10, „ 



£13 14 4 Total. 

Subscribers will be at liberty to pay their scrip in full on any 
one of the above dates, under discount at 6 per-cent per annum. 

The bonds are to bear interest at the rate of ds. lid. each 
(=•4958333) per half-year (a trifle under 2^ per-cent on the 
nominal amount), payment of which was to become due on the 
1st June and the 1st December of each year. 

The bonds are to be redeemed in thirty-seven years, 9928 (to 
be selected by lot) half-yearly, at the same dates as the payments 
of interest. The first drawing to take place in May, 1868, and the 
bonds then drawn to be paid off on the 1st of June thereafter. 

Required the cost per-cent of the loan to the borrower, and 
the rates realized on the bonds paid off* each half-year. 

Here it will be observed that the number of the bonds being 
734,694 whUe 9928x74=734,672, the payment of 22 bonds is 
left unprovided for. It is here assumed that these 22 bonds are 
to be included in the last payment, making the number paid off 
at the end of the 78th half-year 9950. 

The principal points in which this problem differs from the 
former are that here, first, the loan is issued at a discount ; secondly, 
the i-epayments of principal do not commence immediately ; and 
thirdly, that these repayments (with the exception of the last, 
gee above,) are uniform. 

To determine the cost to the borrower we have to find the rate 
at which the values at any epoch of the sums receivable and 
payable by him are equal to each other. The most convenient 
epoch of reference, in this case as in the last, is the commencement 
of the transaction — the date of issue, December 1st, 1865. 
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The receipts 


i are reduced to this epoch as follows :■ 


— 


Dec. 


1 . 




734,694 000 






» 


15 . 




1,454,081-875 


14 days . . 


3,34()-380 


Feb. 


10 . 




2,629,592-276 


71 „ . . 


30,690-584 


April 


10 . 




2,629,592-276 


130 „ . . 


66,194-027 


June 


10 . 




2,629,592275 


191 „ . . 


82,561-993 




10,077,562-700 


172,792-984 








172,792-984 












9,904,759-716 







The reduction is effected bj discounting at 6 per-cent (the 
stipulated rate) the several instalments for the time to elapse 
between the epoch of reference and their respective dates of pay- 
ment. The discount amounts to 172,793, deducting which from 
(£13. 14«. 4^. X 734,694=) 10,077,553, the difference, 9,904,760, 
is the value at the chosen epoch of the borrower's receipts. 

Next, to find the value of his payments at the same epoch. It 
will be convenient to consider these in three portions. The first 
is a uniform annuity, for four half-yearly terms, of the interest 
on the bonds; the second is a variable annuity deferred four 
terms, and to last for seveniy-four, whose payments are for each 
term, the sum of the interest on the principal impaid at the 
beginning of that term and the amount of the bonds repayable 
at the end of it ; and the third is the amount of the 22 residual 
bonds repayable at the end of the seventy-eighth term. We will 
deal with these in order. 

First, the uniform annuity. This consists of four half-yearly 
payments of -495833 x 734,694=364,286-776 ; and if we denote 
the required half-yearly rate by i, its value will be 



:^64,285-775 



1-v* 



Secondly, the variable annuity, to be entered upon in two 
years and to make seventy-four half-yearly payments. We shall 
here use the formula (D) of Art. (47), which adapted to this 



case IS 



-e 



hi A5, 



+ 



:2 



+ 



• • • • 



~^''(^" 



-h 



Ab 



75 



V2 



+ 



...}}. 
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We shall determine bi, &c., as follows : — 

Int. on 734,694 bonds @ -495833 . 364,285775 
Payable 9,928 „ @ 1985 . 197,070-800 

561,356-575= 5i 



Int. on 724,766 „ @ 495833 . 359,363142 
Payable 9,928 „ 1985 . 197,070-800 

656,433-942=52 

It is unnecessary to go further. We see that 52—^1 
or Abi= —4922-633, which is the half-yearly interest on the 
9928 bonds paid off the preceding year ; and each succeeding pay- 
ment will evidently have the same difference. 

Hence A^Jj, &c.=0. 

Hence also ^75=^1 + 74A5i 

=561,356-575-4922-633 x 74 

=661,366-675-364,274-867 

=197,081-708 

and A5„= -4922-633. 

Hence the value of this annuity is 

r 561,356-6 _ 4922-633 _ y, /197,081-7 _ 4922-633 \ ^ 

Thirdly, the value of the 22 bonds due at the end of the 
78th half-year, is 

22 X 19-85 X 1?'^ = 436-70 y'8. 

The sum of the three results, namely, 

364^85-8 197,070-8t?< _ 4922633 e?^ _ 197,081 -7t;^« 
t t ^ t 

4922-633t?78 .o^^«. 
-f ^ -f436-7t?^, 

or * 

364,285-8 197,070- 8 4922- 633 197,0817 4922633 4367 

is the value of the borrower's payments at the epoch of reference, 
in terms of i. And we have now to find the value of i which 
makes this expression equal to 9,904,760. This is done by trial, 
and the operation is as follows : — 
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• 

t 


•Oh 


•045 


•0437 


•0436473 


•0436484 


ogi 


2 6020600 


26532125 


2-6404814 


2-6399574 


2-6399683 


» (1 + 


00170333 


00191163 


0-0185757 


00185538 


00186542 


» (i + O^ 


00681334 


0-0764652 


00743027 


00742150 


00742168 


,, i a+iy 


2-6701934 


2-7296777 


2-7147841 


2-7141724 


2-7141851 


,, iK^ + iy 


3-2722534 


33828902 


33552655 


3-3541298 


3-3541534 


„ {l + iy 


1-3286005 


1-4910706 


1-4489030 


14471933 


1-4472285 


„ t{l+i)'' 


1-9306605 


0-1442831 


00893844 


00871507 


00871968 


„ i\l+i)^ 


2-5327205 


2-7974956 


27298658 


2-7271081 


2-7271651 



364286-8 65614423 6 5614423 65614423 6-5614423 65614423 
26020600 2-6532125 26404814 2-6399574 26399683 



6-9593823 69082298 69209609 69214849 69214740 



197070-8 52946223 5-2946223 6-2946223 62946223 6-2946223 
26701934 2-7296777 27147841 2 7141724 2-7141861 



B 



6-6244289 6-5640446 6-6798382 6-5804499 65804372 



4922-633 36921974 3-6921974 36921974 3*6921974 3-6921974 
3-2722534 33828902 3-3552665 33541298 3-3641534 



C 



6-4198440 6-3093072 63369319 63380676 63380440 



197081-7 6-2946463 6-2946463 52946463 62946463 62946463 
1-9306605 01442831 00893844 0-0871507 00871968 



D 



6-3639858 51503632 52052619 6-2074966 52074496 



4922-633 36921974 36921974 36921974 3-6921974 36921974 
2-5327205 27974956 27298658 2-7271081 2-7271651 



E 



5-1594769 48947018 49623316 49650893 4-9650323 



436-7 2-6401832 26401832 26401832 26401832 26401832 
1-3286005 1-4910706 14489030 14471933 1-4472285 



F 



1-3116S27 11491126 11912802 11929899 11929647 
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• 


•04 


•045 


•0437 


•0436473 


•0436484 


A 


9107100 


8095242 


8336062 


8346126 


8345916 


B 


4211400 


3672353 


3800477 


3805833 


3805723 


C 


2629900 


2038484 


2172360 


2178040 


2177930 


D 


231200 


141372 


1G0421 


161248 


161231 


E 


144400 


78470 


91692 


92276 


92264 


F 


20 


14 


16 


16 


16 




13462920 


11846079 


12228247 


12244251 


12243919 




2861100 


2179856 


2332781 


2339288 


2339161 


3sult 


10601820 


9666223 


9895466 


9904963 


9904758 




9904760 


9904760 


9904760 


9904760 


9904760 



Error 



697060 238537 



9294 



203 



We commence our trials with **=*04, conjecturably near the 
truth. It turns out to be too small, giving an error of 697060. 
We then try '045, which is too great — error, 238537. We then 
use False Position, which, as applied to problems such as the 
present, gives the following rule : — Multiply the error of the last 
result by the last correction of the 'rate, and divide the product 
by the difference of the last two results. The quotient will be a 
new correction to be applied in either augmentation or diminution 
of the rate last used, according as that rate was found to be too 
small or too great. 

We thus have here 



238537 X 005 



1192-685 



10601820-9666223 935597 



= '0013* (or, more accurately, 

•00127.) 



And '045— '0013= '0437 is a corrected rate (more accurately, 
•04373). This is found on trial to be still too great, but the error 
is reduced to 9294. For a new correction, we have 



9-294 X 0013 -01208 



9895-9666 



229 



= 0000527. 



* As the quotients in this operation are taken to only two or three places, 
it is unnecessary to use more than three or four figures in the numbers pro- 
ducing them. Thus, instead of the above, we might have written 

238-5 X 005 1193 



10602-9666 936 



•0013. 
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Hence 0437 -0000527 =0436473 is a second corrected rate, trial 
of which shows that it is a trifle too small, the error being 203. 

It would hardly be considered necessary to seek a closer 
approximation than this. We have nevertheless, as a matter of 
curiosity, carried the operation a step further. Thus : — 

203 X 0000527 01070 ..^^^^^ , 

= 0000011. 



9904963 - 9895466 9497 

This gives 0436473+ 0000011 ='0436484 for a third cor- 
rected rate; and trial of this gives, as shown, an error of 2.* 
It thus appears that the method employed enables us by three or 
four trials to assign the required rate to any degree of approxima- 
tion that may be desired. 

It is the half-yearly rate that has just been determined. The 
yearly rate is easily deduced from it, thus : — 

(10436484)2-1= 0892018, the yearly rate ; 

that is, 8-92018 per-cent. 

In vol. xviii., p. 137, of the Journal of the Institute of 
Actuaries^ Mr. Makeham thus deals with the same problem. 

In the Austrian Loan of 1865, the capital to be received by 
the purchasers of the bonds amounted to £14,583,676*9, — payable 
by 74 equal half-yearly instalments of £197,070*8 each, com- 
mencing at the expiration of 2^ years, — with an additional 
payment of £436*7 at the termination of the period to make up 
the required amount, interest at the rate of 2*4979 per-cent 
half-yearly being payable during the currency of the loan. The 
consideration paid by the lenders was £9,904,760. 

The value of the capital receivable is 

flffii X t?* X 197,070*8+2;^ X 436*7. 

Taking as the first trial-rate 4 per-cent, and dividing by 100 
to save unnecessary figures, the calculation of the expression 

Q ^ 

i" • — — -^, (Arts. 67, 68) is as follows : — 



* In making the trial, it is in this case necessary to form log(l + f) to 
9 places in order to have log (1 + %f^ true in the seventh place. 



PBACTICAL EXAMPLISS AKD llLtJStBATlOifS OP CHAPS. IH.-IV. 129 



loga7ii= 1-37343 0=145,837 /. C-A= 46,789 log (C- A) =467014 
logt?*=r93187 A= 99,048 C-C'=106,034 log (C- 00=502543 



1970-708= 3-29462 0'= 39,803 



logC'=4-59992 



rs. — As the value of the filial payment, 
I7^^x4*367> has evidently no significant 
effect upon the value of C\ it has been 
n^lected. 



.-. r. 



C-A 
0-0' 

O-A 
0-0' 



t-\'t 



•x^-^- 



0-0' 



1-64471 
= -44128 

= 04 X -44128 

= 01765 
02498 

r= 04263 



«= 



From this it appears that the trial rate taken is too small, 
and that the true rate is something over 4J per-cent. Repeating 
the calculation, substituting 4i per-cent instead of 4 per-cent, 
it will be found that we get »'= 04333. 

Having found two approximations, we may proceed to find a 
third as follows : — 

4- gives 4263 

4-25 „ 4-333 



Differences -25 



•07 



•07 



Hence 4-|-ar gives 4*263 -h -^—x nearly; whence we find, equating 
these two values and solving the equation in x^ 

-263 X -25 . .^ 

a?= — jr- -r;- =-365. 

-25—07 

whence 4-1-07=4-365, which is true to the last figure (see 
Mr. Gray's solution given above). 

Mr. Makeham claims for this method that it gives, in two 
trials, as accurate a result as that obtained by Mr. Gray's method 
by a greater number of trials and much more extensive calculation. 

(3). — Besides the methods mentioned in Ohapter IV., of deter- On other methods 



mining the actual rate of interest paid in the case of a loan issued ^JJS^** kuis 

at one price and repaid at another, several others have from time to ^^*"*5L-i4 

time been suggested. One method is, to ascertain the " probable ^JJ^JJ^Jj^ 

epoch " — that is, the time which will elapse before just half the •*▼•■••*• 
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loan is repaid, and to consider the whole loan as repaid at that 
date, and then ascertain the actual rate of interest which 
would he paid on this assumption. This method is clearly in- 
correct in theory, and as practically used gives results wide of 
the mark. 

In symhols, it is as follows : — 

If « be the sinking fund per 1, set aside the first year, and 
n the duration of the loan. 



then 8 : = 1 ; 



and if s 7 =t, 

t 

t is the ^^ probable epoch^\ 



To find t we have s : =i , 



but «= 



rH»-i ' 






a 9 



or 1 -f »p= 



whence t can be found. 

Denoting by a? the actual rate of interest paid, we have, if loan 
is redeemed at par and issued at discount of D, say 



a: 



Another method, suggested as an improvement upon the 
preceding, is as follows: — The loan being repayable in n yearly 
instalments, increasing year by year in the ratio 1 to 1+f (i being 
the nominal rate of interest at which the loan is issued), then 
denoting the amount paid off the first year by *, the following 
amounts will be 



PBACTICAL EXAMPLES AND ILLUSTBATIOKS OF CHAPS. III.-IY. I3l 

and the average amount paid off in a year 

s ^ n' 

and putting « (l+/)^-i= - , then at the end of the ^th year -th 

n "^ n 

of the whole loan will be repaid. This year is called the " epoch 

of mean probability." Then an approximation is made to the 

actual rate of interest paid on the loan by considering the whole 

loan as repaid t years from date of issue. 

This method, like the preceding, is manifestly incorrect, but 
it gives values nearer to the true values than the former. The 
first of the two just-mentioned methods of approximation is in 
actual use; and the second, which has been suggested as an 
improvement on the first, appears to be due to Messieurs Vint^goux 
and de Reinach, Formules et Tables d^InterSis composes et 
d'AnnuiteSy (Paris, 1874), pp. 34-36. 

(4). — Besides the question of the rate of interest paid by the On the rate of 

. , . interert made 

borrower, there is the no less important question of the rate of ty inveetors in 

'' ^ ^ loane when the 

interest realized bv the investor. Of course, if the whole loan were *!5?«>it "P»i? , 

'^ ^ ' iiffen from that 

taken up by a single individual, the rate of interest would in each »dvaaoed. 
case be the same. In practice it may be said this is never the case, 
and, as far as can be gathered, the general impression seems to be 
that, in the case, say, of the purchaser of a single bond, it is 
impossible to say what rate of interest he will realize on his 
investment, as his bond may be paid off in any year of the n years 
which repayment extends, the rate of interest he realizes becomes, 
in the general case of repayment, at par, the bond being bought 
at a discount, less and less as repayment is deferred ; and on the 
contrary, where the bonds are issued or bought at a premium, the 
rate of interest realized by the investor is greater the longer 
repayment is deferred. 

Let us consider the case of the purchaser of a single bond from 
another point of view. If 1 be the amount of the bond, L the 
amount of the loan, P the portion of the loan repaid by the 

accumulative sinking fund the first year, i being the nominal 

P 

rate of interest on the loan, then — = chance of the particular 

bond in question being drawn for repayment the first year, 

K* 2 
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P 

(1 + *) — = chance for 2nd year = (!+«)« (say) 
Li 

(l+0»?= „ 3rd „ =(! + »>, 

and so on. 

Now at the end of the first year the investor receives his 
dividend i, and has a chance 8 of receiving 1 in repayment of his 
hond, and the value of this chance heing 8X1 or «, he may he 
considered as receiving t-|-« at the end of the first year. Similarly 
at the end of the second year he will receive a dividend i if his 
bond was not drawn for repayment in the previous year, and the 
chance of this being 1—8, the value of such dividend may be 
taken as (1— «)/, and the chance of the bond being drawn for 
repayment being 8 (l + t), the total value of his expectation at 
end of second year =(1— «)*-|-«(l-|-t)=t+«. Similarly the 
value of his expectation at the end of the third year 

= {l-«-«(l + t)}^><H-»T 
=t(l-«) -«(! + *) (»-l-*) 

and so on for other years. 

In other words, the purchaser of a single bond is in exactly 
the same position as if he bought an annuity-certain of i-^s to 
run for the term of the loan. Assuming, therefore, that the price 
of issue or purchase was 1—^ per 1, we have 

Sv 

X being the rate of interest at which the various payments are 
discounted, that is, the rate of interest realized by the purchaser ; 
and we see that the same formula obtains as in the case of the 
borrower. 
Additional (5). — In the table which follows, a number of the principal 

nomeiioal 

iUustrations. foreign loans brought out in England in recent years have been taken, 

and there has been calculated the actual rate of interest paid by 
the borrower in each case, first without allowing for the redemption 
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of the loan at par, and secondly allowing for redemption at par, 
the formulas used being taken from Chapter IV. 









Actual Rate of Interest per-cent paid 


Price 
of Issue 
per-cent. 


Nominal 

Rate of 

Interest 

per-cent. 


Sinking Fund 

per-cent 
per Annum. 




BT Borrower, arsuming 




(1) 

Repayment 
at Issue 


(2) 
Repayment at Par. 




















By Formula 


By Formula 


By Formula 










(A). 


(C). 


(D). 


72i 


6 


2^ accum. 


8-2759 


10-2005 


10-1966 


10-1987 


88i 


6 


2i „ 


6-7797 


7-5021 


7-5021 


7-5021 


76 


6 


1- ,, 


7-8947 


3-6070 


8-6056 


8-6055 


78 


6 


2- „ 


7-6923 


8-9439 


8*9436 


8-9438 


92 


7 


2- „ 


7-6087 


7-9734 


7-9733 


7-9734 


84 


6 


2- „ 


7-1429 


8-0329 


8-0328 


8-0329 


94 


5 


2- „ 


5-3191 


5-7420 


5-7419 


5-7420 


93 


7 


3-87 „ 


7-5269 


8-0071 


8-0071 


8-0071 


90 


9 


3-41 „ 


10-0000 


10-8875 


10-8151 


10-8464 


77i 


5 


•083 „ 


6-4516 


6-5263 


6-5262 


6-5263 


78 


5 


•13 „ 


6-4103 


6-5193 


6-5192 


6-5193 



With regard to the above table, various points have to be 
attended to. In the first place, it will be noticed that the sinking 
fund is generally quoted as percentage in round numbers, so that 
the time required for redemption of the loan will not generally be 
an exact number of years. This will not in practice have any 
considerable effect upon the results, which are obtained by taking 
the term of redemption to be the nearest number of complete years. 

Another point is, that in the majority of cases the interest 
and drawings are payable half-yearly, and in some few cases 
quarterly; but this, too, will be found to be not of material 
consequence. 

Still another point to consider is, that as the bonds are usually 
for fixed amounts of £20, £50, £100, £500, or £1000, the actual 
amount of any drawing will not in general be the exact theoretical 
amount. 

Reference may be made to vol. xix., p. 77, of the Journal of 
the Institute of Actuaries, 
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Vurfher 

ooniidenttion of 
Art. (M) wifh 
■peoial referenoa 
to the 
■MuinptionB 
made bm to the 
rate of interest 
at which 
aocnmnlatiTig 
■inking fana 
oan be inTeeted. 



(6). — If we refer to formula (Ei) of Art. (64), namely, 

r.n ^ ., (l- hi^)^-l 

where 1— j9 is the capital advanced, 1 the capital to be repaid at 
end of n years, i the interest actually received, and »^ the rate of 
interest actually made by the lender, we see that the assumption 
is made that the difference between f (1— /?) and i is accumulated 
at the same rate of interest t" as that made on the capital advanced 
by the lender. Cases may occur, however^ where it is desired to 
make some other assumption as to the rate of interest at which 
the difference between i'pL—p) and i shall be accumulated. Thus, 
suppose this rate to be :r, so that formula (E]) becomes 

f.n ^ M (1+^)^ -1 

a? 

Let us denote ^ by ^5^^ ; then we get 



a? 



P^ 



p={t\l-p)''i} 



.•. j[)=:(i^—t) 



I^ 
1 



(1) 



Comparing this formula for p with formula (E) of Art. (64), 

1— t?"* 1— (i-i-r)-» 

we see that instead of a^:= — - — = ^— =^ — - — we have 



t 



% 



= — — :^ , which denotes the value of an annuity for n years such 

that the investor is to make interest at the rate T on his entire 
investment throughout the n years, and the accumulating sinking 
fund Pj^ to reproduce the capital at the end of the n years is to 
bear interest at another rate of interest w, (See Art. 27.) 
We may obtain from (1) another formula. Thus, from (1), 

.-. i^(l— ^)=i-f^P;q. 

Here j?P;q is the difference between r(l— ;?) and », and denotes 
the annual sum to be set aside to accumulate at the rate of interest 
X so as to amount to p at the end of the n years. 
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(7). — (This Example should properly have been given as an On fho 

, applioAtioii of 

illustration of Art, 27 of Chapter IL) As an illustration of the Se formula of 

•^ *f ^ ^ Art (27) to the 

practical application of the fonnula Taiuatioii of 

* *■*■ mimog property. 

«^ = T>-. . ■> (see Art. 27) , 

where P^ the accumulated sinking fund = .. ^ — =- is invested 

at the rate i^ and the stipulation is made that the entire capital 
originally invested, that is, a^, is to hear interest at the rate T for 
the n years, the following extract from an Introductory Note hy 
Mr. Peter Gray to the Mining Engineers^ Valuing Assistant ^ 
by H. D. Hoskold (Longmans, 1877), will he found to be of 
interest : — 



" The course of proceeding in the valuation of a mine appears to be 
as follows : — ^The valuator, in the exercise of his professional skill and 
knowledge, names a sum and a term of years, the former to be considered 
as the annual income to be derived from the mine, and the latter as the 
number of years that this income is to last. It is further arranged 
between the parties that the purchaser is to be allowed a specified rate of 
interest on his outlay during the entire term. The required value is thus 
presented in the form of an annuity-certain, the elements of which — ^the 
sum, the term, and the rate — are known; and there remains only the 
conversion of that value into a present sum. 

" One of the points on which I am requested to give uy opinion is as 
to the correct method of valuing the annuity which forms the subject of 
the valuator's first determination. 

" Ordinarily, the valuation of an annuity for a term of years, when 
the rate of interest to be allowed to the purchaser has been arranged, is a 
sufficiently simple matter. The well-known tables of Smart (reproduced 
by Jones in his Treatise on Annuities), and others, furnish, in the cases 
that usually arise, all the aid that can be required, even by the most 
inexperienced computer. But the cases with which we have here to do 
are somewhat complicated by the entrance of a consideration that does 
not present itself — in so pressing a way, at least— in general practice. 

" It cannot be doubted that the purchaser of an annuity for a term, 
on which he is to be allowed interest at a specified rate, ought, as regards 
this transaction, to be in the same position, pecuniarily, at the end of the 
term, as if he had lent his money during the term at the same rate. The 
lender receives his interest annually, and has the sum lent returned at 
the end of the term. 
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" Bat the purchaser of an annuity must recoup himself by investing 
the excess of his annuity over the annual interest on his outlay, at such 
a rate that at the end of the term his capital will be reproduced. 

" The lowest rate at which this reproduction can be assumed by the 
vendor or purchaser to be effected, is the rate allowed in the purchase 
of the annuity, as will presently be shown. In the case of annuities 
purchased at current rates, but little inconvenience and loss will occur to 
the purchaser fi*om this restriction as to the rate of re-investment, since 
^practicable rates in respect of such will usually differ but little from 
the stipulated rates. In the cases with which we are here concerned, 
however, the state of matters is far otherwise. 

" In the purchase of mining property, the purchaser, for reasons with 
which we have nothing here to do — they are fully discussed in the 
following work — is usually, perhaps always, allowed a rate of interest on 
his outlay far exceeding that at which he can invest the surplus of his 
annuity, which is called with propriety the Redemption Fund; and 
hence, if the ordinary tables are used in the valuation of the annuity 
determined and assigned by the valuator, the result must be a loss to 
the purchaser, more or less heavy according to circumstances, since in 
them the difference between the two rates is ignored. In the present 
connexion, therefore, special methods must be employed,*' 

It should be added, that it would appear to be not an unusual 
matter for purchasers of mines to pay as purchase-money a sum 
calculated as above on the assumption that the sinking fund for 
reproduction of capital bears interest at the low rate of 2\, 3, 3 J, 
or 4 per-cent, whereas the capital itself is to bear interest for the 
term of years agreed upon, at such high rates as 15, 20, 25 
per-cent, or even higher. 
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CHAPTER VI. 



On the Application of the Higher Mathematics to the 

Theobt op Compound Intebest. 



It is not proposed to enter at any length into the suhject 
of the application of the higher mathematics to questions in- 
volving the theory of compound interest, hut simply to give some 
general illustrations which, to those famihar with the differential 
and integral calculus, will be found sufficient; and it is to be 
understood that for such only is this chapter intended. 

(73). — Referring to Art. (16), (Chapter I.), it is there shown 
that the ordinates (y) of the logarithmic curve 

y=(l-ht)^ 

denote the amounts and present values respectively of a sum 1 due 
X years hence, according as a? is measured to the right or left-hand 
side of the initial ordinate OJT, taken as the axis of y, or we 
say that 



Amount to which 1 will accumulate in 
the time x at the rate of interest i 



=y=(H-*> 



(1) 



Applioation 
ta the deter- 
minatioii of 
the amoante 
and Talues of 
aanuitiee, with 
reometriMl 
uluatratioiui. 



Present value of 1 due x years hence at 
the rate of interest i 



=y=(H.»)-' 



(2) 
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Vn Vm, Vm Vs Vj 



At At j4j 



^« 



Taking (1), we have (referring to Figure above), 
Area of figure OAiPiS^^ I ydx 

^ 

*/ 

1+* 



log, (! + »•) log «(!+«) 

% 



-log. (1+0 ^^^ 

Let us now, instead of taking OB equal to 1, as is assumed in 

Art. (16), put it equal to , , and reduce all the other 

% 

ordinates in the same ratio ; then we shall have 

Area of figure 0A,Fi8=i log,(l+t) p^^^ 

= 1, from (3) . . . . (4) 

10ff6(l + t) /*2 

Also, area of figure 0-42p2^= \ I ydx 



log « (1+0 (l + »)«-l 
«■ log « (1 + »■) 

_ (1 + «•)«-! 



(l-h*)^— 1 
Similarly, area of figure OAsPsS= -. 



(5) 



(6) 



Finally, area of figure OAnPnS= ^^'^*]* ^ 



(7) 
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Hence we see that, making the above adjustment of the 
ordinates, the area contained between the initial ordinate, the axis 
of Xy the logarithmic curve, and the ordinate corresponding to the 
value of X for x^=^n, will denote the amoimt of ah annuity of 1 
accumulated for n years. 

Similarly, we shall have for present values. 

Area of figure 80VnQn= ^^-^^^^J^l + i) -^dx 

^ log.(l-hzV (1+.)-^ 1 ) 

i \ log,(l-h^Vlog.(l-hOi 

t 

= Present value of annuity for » years . (8) 
Again, 

Area of figure Q«F-„F„Q„= ^°g^(^+*) P^i ^. iyxd^^ 

^ log,(l+t) ( (l + t)-« (1 + *•)-"» ] 
i \ log,(H-»Vlog.(l+»)i 

_ (l+t)-"»-(l+f)-» 

t 

=«^j^— «^, where t=n—m 

{Value of an annuity for t years 
deferred m years (Art. 31). 

Again, if fi denote the angle which the tangent drawn to the 
curve at the point corresponding to ordinates y, ar, makes with 
the axis of ^r, we have 

da: 

^ (1 + i)-^ 
loge(l + *r 

Make ^= oo , and this becomes 

tan/3=0; 
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from which, since y=0 when jr=x , it follows that the axis of 
X touches the curve at infinity. 

Thus, area included between the \ 

r loff fl + f) /*** 
curve, the axis of y, and the > = -^^\ <-j (l+t)"*<fcp 

point of contact at ir=oo j 



^ log^l+0 lo . __L_ 1 
* I "^log,(l+*)j 



_1 

^^^ • 

% 

= Value of a perpetuity =a^ . 

It should be remarked that in the logarithmic curve the 
subtangent — that is, the distance from the origin along the axis 
of X from the ordinate y to the point where the tangent at any 
point {x , y) cuts the axis of x — is constant. Thus 

8ubtangeDt= ^ 

_ y. 

dx 

(1+0* 



(l + »)«log,(l + f) 

1^ 

-log, (1 + ■ 

It will further be remarked that in the logarithmic curve, 
whereas the abscissas denoting the time are in arithmetic pro- 
gression, the ordinates denoting the corresponding amounts or 
present values are in geometric progression. 

If we refer to (2) of the Illustrations of Chapter II., we see 
that the constant multiplier to obtain the values of annuities 

payable momently from those payable once a year, is ^=^ — — -, 

which is the ratio by which the ordinates of the curve denoted by 
y=(l-|-t)~^ have been reduced, in order for the areas between 
the curves and the ordinates to denote the values and amounts of 
annuities payable once a year. 
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(74). — In this Article it is proposed to give a demonstration on a formula 
of a formula in constant use in the hi&^her mathematics, and invoivine 

... . differential 

which has lately been specially applied by De Morgan, Mr.W. S. B. ooeffloienti. 
Woolhouse, and others, in the determination of questions involving 
the theory of compound interest. 

Let V denote a function of a variable quantity or, in v\rhich the 
symbol a? may be conceived to be the abscissa of a curve and may 
be employed to represent an interval of time ; and suppose the 
development of V in powers of x to be 

Var=Vo+Aar-fBar2-|-Ca?3-fD^<+E;r^-|- 

Then, by successive differentiation, 



( 
( 



-Y- I =A-f2Ba?-|-3C^+4Da;3^.5E^4^ . 
dx Jx 

dr^\ 

dx ), 



=A. 



^^^ =2B + 6Ca?+12Da?2-|-20Ea;3-|- 

(^) =6C+24DarH-60Ea?2+ 

(S)=- 

&c.=&c. 
.-. Vo-|-Var=2Vo+Aar-fBa?2-|-Ca;3+D^_,.E;r«^ 



* • • • 



f-y- )-f-y-) =-2Ba7-3C;r2-4Dar3-5Ea?* 
\ dx Jq \ dx Jx 

(/73V \ / d^Y \ 

&c.=&c. 
Also, by integration, 

Substituting for A, B, C, &c,, their values in terms of the 
differential coefficients, we obtain 
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/v^=i(v..v,).S{(S)-(S).) 

~ 720(1^ A"V^Ai * * " 
Now suppose the quantity a; to pass over successive intervals, 

each equal to — , namely, from Oto— , —to — , — to — , &c. 

m in in m m m 

By applying the formula to each of these intervals, we get 

m 

1 (/d^Y 



{(^o^A \d^)i\'^"" 



720mH \ dafi 



Jx 2wV^ V^12w2|W^/l KdxJl] 

m mm 

n^mAxdo^ji. \dx^)i\^ — 

m m 

&C.=&C. 

720m* \\da^)„.l \da»J„ ) + ' ' ' 

m 

Adding these results, we get 

•y Q in\ m m m m J 

1 [(dY\ fdY\ ) 1 ffd^y\ fd^Y\ I 

Let ^^"•'V denote -(y^^-Y^-^Yi-^, . . +V«') ; then 

m\ v^ m J 

+7^'{(S).-(S).}-*"- ■ ■ « 
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This formula is ascribed to Euler, and is used by Legendre and 
Laplace, and others. 

If we put 7»=1, so that the values of the function to be 
summed are taken at consecutive integer or annual intervals, the 
formula (1) becomes 

^"^=77^+ K^--^-)-r. {©.-©.} 

■*■ 720 iKd^jr u^jj ^- 

and subtracting from (1), we get 

,,.v=x».-^(v..v.).^{(S)-(g)J 



720m^\\da^ 



).-©.}-- ■ ■ • « 



which is a general formula for deducing the sum of the values of a 

function, proceeding by intervals of — , from the sum of the values 

m 

of the same function, proceeding by intervals of 1. 

The demonstration of the formula just given is taken from a 
paper by Mr. W. S. B. Woolhouse, in vol. xv. of the Journal of 
the Institute of Actuaries^ p. 98. 

Where the function Va; is such that for ^=o> the terminal 

values V„, (-7-) > (77I3) » ^^ severally become zero, and 

continue zero for values of x beyond ^=o>, the formula (2) is 
greatly simplified. Such, it may be added, is the case when the 
formula is applied to annuities and assurances on lives for the 
whole duration of life ; and to these it has been extensively 
applied (see the paper above referred to, in vol. xv.). Further 
information on the subject will be found in papers on pp. 61 and 
301 of vol. xi., and in vol. xviii., p. 31 1. On p. 308, vol. xv., the 
formula (2) has been obtained directly by use of the method of 
separation of symbols. 

(76) . — ^As an illustration of formula (1) of the preceding lUnstnttion of 
Article, we will apply it to find the value of an annuity at simple appiioationtot]i« 

• dtttflmunatioii of 

interest (see Arts. 19 and 20). the ▼aine of an 

annuity at 
1 rimp iii interest. 

Here Va?= r— — . , and we have, putting i»= 1 in formula (1), 
and 0)=^, 
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s»'v=i+ -4-. -h ^i-. + . . + 



1 + * 1 + 2* l + «* 



V^ar=/ — -^</ar=-Tlog,(l-hii») 
^V.+V«)=i(l+j±.) 

12lU^/o U^/ J" 121 (l + ^iYx^o "*" (l+^0'ar=J 

^~T2r~(l+nO*) 
'720[\Ta^ ) o~ \d^ J nJ 7201 (l+arO*;r=o "^ (l+^OV-«^ 



i2or (i+niyj' 



Hence 



1 + * l+2» l-hw* » 2v l+«*/ 

"^ i2r " XTHiijv i2or " (1+no^l "^ • ' ^^^ 

This application of the formula (1) is given by De Morgan in 
the Journal of the Institute, vol. xii., p. 251. 

If, instead of taking Yq as the initial value in the formula (1), 
we take Vi, then it will be found to give the following result: — 

^ -. + T^. + . . + r-T— .=Vi+V2+ . . . +Yn 



1-ht ' l-h2» ' • 1+m 



1- 1-hwj 1 ,,^ . ,- . 



«s 



+ 12 (V,«-V,»)-j^(V,«-V„0 approximately . . (B) 

De Morgan, in vol. xiii., p. 143, of the Journal^ gives this form 
and tests its accuracy in the case of •='10 and n=10, and finds 
that whereas the formula gives the value 6*687715, the value 
found by the use of reciprocals is 6*687714, being a difference of 
only 000001. 
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(76) . Another formula, givinff S^'^^V in terms of S^^^V and On lubbook'i 

. . . . . . . formula for 

finite differences instead of dilBferential coefficients, is due, it is ■ummatioii 

' ' involving finite 

believed, to the late Sir John Lubbock. differwwei. 

The formula is as follows, using the same notation as for 
Art. (74):— 

w— 1/,, „ \ w^— 1 



S,«v=S.,v_-i(v.+v.)-=^(Ay..,-.T.) 



m^-1 






... (8) 



The next five terms of the series are as follows : — 

60480m- \r ""'" 7 

2il92^5 [^ V„_,+A V.^ 

(m!>-l) (33953w« -9247ot«+497ot«-3) / „ N 

3628800^' I ""'" V 

(m^-1) (8183m'-2617m«+ 197«t«-3) / \ 
1036800^" [r "-'^ V • 

For further information, reference may be made to Mr. Wool- 
house's paper, already mentioned, in vol. xi. of the Journal of the 
Institute of Actuaries ; also to papers by Mr. T. B. Sprague, in 
vol. xviii., p. 305, and vol. xxii., p. 55. In the former of Mr. 
Sprague's papers will be found a method of obtaining the formula 
different in character from that used by Mr. Woolhouse in vol. xi. ; 
and in the paper in vol. xxii. will be found mimerical examples of 
its application to annuities and assurances. On p. 313 of vol. xviii. 
is given a table of the values of the coefficients, multiplied 
throughout by m, as far as those of A^V„^j-h A^Vq. It should be 
mentioned that the formula (3) may be applied to obtain formula 
(2) of Article (74). (See vol. xv., p. 307.) 
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[(nutter YL 



Vumerioal 
illuitratioii of 
Lubbook's 
formula by the 
detorminMioii of 
the ▼aloe of an 
annuity-oertain. 



(77). The following is one of Mr. Sprague's numerical 
examples : — 

Required to find the value of an annuity-certain for 50 years, 
interest at the rate of 5 per-cent. Putting m=7, and taking the 
values oi V, v^f v^'^, . . , from Interest Tables, we have 



V = 



tJ^ii: 






952381 
676839 
481017 
341850 
242946 
172657 
122704 
087204 



275542 
195822 
139167 
098904 
070289 
049953 
035500 



-h 079720 
+ 056655 
+ 040263 
+ 028615 
+ 020336 
+ -014453 



023065 
016392 
011648 
008279 
-005883 



+ 006673 
+ 004744 
+ 003369 
+ 002396 



-001929 
-001375 
-000973 



+ -000554 
+ 000402 



3077598 



Hence «5oI=7 x 3077598 -3 (087204+ 952381) -t(- -035500 

+ -275542) -^ (014453 + 079720) 

-180758 (-005883 + 023065) - -12828 (-002396 
+ 006673) - •097510( - 000973 + 001929) 

- -077595 ( - 000402 + 000554) 



=21-543186-3118755: 

- -137167: 

- 026907: 

- -003106: 

- -001163: 

- -000093: 

- -000074: 



: 18-424431 
18-287264 
18-260357 
18-257251 
18-256088 
18-255995 
18-255921 



On a f onnula for 
the value of — 

in terms of n 
and i. 



The value of a^ given by the Interest Tables is 18*255925. 

(78). Referring to De Morgan's Differential and Integral 
OalculuSy p. 315, we find it shown that 



t 



n 



(l+ty-l n 



2n ^2.6w 2.3.4^ ^ 2.3.4.30w 



(^2-i)(9_n2) . (»2--i)(863-145«2+2;i0 , 



2.3.4.5.4n 



2.3.4.5.6.84n 
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Now 

^yriJ + ^= P^ +*• (See Art. 26). 

Hence we get the following series expressing — in terms of i : — 

1 1 n+1. n^-^1 ^ n^-1 ., , (n^-l) (19-^2) .^ 
a^ n^ 2n ^ 2.Qn 2.3 An 2.3.4.30;* 

2.3.4.5.4;* *"^ 2.3.4.5.6.84W * *" 

(79) Referring to (Art. 54) and following Articles, we have, Deduction of 

, __ , _ formulas (D) 

by Taylor's Theorem in the BiiTereniial Calculus, and (Di) of 

Chapter IV. 

<f>{x) =^(i+p) =^(i) +p^^L ^ approximately . . (1) 

1 — y» 
Let, now, <^(**)= — ; — =a^ and ^(a:)=a ; 



d<l> 1— t?** nv^+^ 1 






and 



di i^ i i 

d^<f> __ 1( 1 — t?^ nv'^^^y 1— t?^ wu^+i n,n+lv^+^ 

= — -|;*.;* + l.it?^+2_2^-^ — ;*t?'»+i')|, 
and substituting these results in (1) we have 



1 nj^^MO*^^ 

Using the method adopted for formula (B) in (Art. 56), taking 

i(a' — a) 
as the first approximation to the value of p, p= —r fr, obtained 

- a — a^ a^a! i(a'—d) , 

from p=-— -=— -^ im="7 ;ri:i» ^® &®^> wntmg 



di 

i{a' —a) 
a'—nv'* 



px -7^^ r, for f? m the equation 



L 2 
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!!l^±l^«+2p2^(«_;,pii+i)p_(«'_^)/=:0, (see (6) of Art. 56) 
9— 



n.n-^X ., »(«—«) , which is formula (D) of 

a — no^+'H — 17*+' -7 — 

2 fl/— nt7*+» 

Art. (58). 

The formula ohtained from (1) hy the use of the method of 

Art. (56) and adopting the notation of Art. (62), is 

a— «! 
dax 1 a—(iY ' d^a\ 

di 

If, in this formula, instead of -=4 , -j- , we suhstitute their 

approximate yalues (see Mr. Woolhouse's paper, vol. xi., p. 317, Ac.), 
namely, — 

dai __ _ Aai— JA^ai 

we get the formula (Di) of Art. (62). 
Dedaotioii of (80) It may he found of some interest to show how Mr. Gray's 

fonniiia (D) of formula (D) of Art. (47) may he directly ohtained from Mr. 

Art. (47) from 

Mx, Kakduun's Makeham's formula (A) of Art. (45). 

fonniuA (A) of 

Art. (46). Mr. Makeham*s formula is 



12 3 

= WiVn+At*,Vn-hA%Vn+ . . . 



.-. »X=Wi(l-t;*0 -h (V-wt7~)At*i + /'v- ^^ vA^hii^ . . . 

omitting, for convenience, the subscript in Vn, and writing for 



1 3 



V, V, &c., their values as given in Art. (45). 
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1 2 

= Ui + VAwi + YA^Ui -f . . —V^Un+i 

1 
1 — v^ V — nv^ 

% t 

. Aui A2«i 1 . A%i 2 

% % I 

-yf^At*i+wA2|^i+ — ^ — A%+ . .J 
Ai^i A2wi 1 A%, 2 ^« 

= WlH r- H :— VH :— V+ . . . —V^Un+i r ^Un+i 

I t t • ^ 

. Aui . A%i ,, . . A%i ,1 






whicli is Mr. Gray's formula (D) of Art. (47). 

(81) Kef erring to Art. (53), it is there shown that if OnagenenJ 

f onnubk for the 

XI Q I Q I I M /-I \ Present VcUuea 

=-UiV-\-lhP^-\-tHV^-\- , .-^-UnV^ .... (1) of the payment! 

of Interest and 

then the present value of the payments on account of repayment OapiSaT^ 

n, .. 1 . reepectively, in 

01 capital IS the oaee of a 

given annuity. 

X — *V(t*i-f2W2l? + 3W3t;24._ -|.^^^^«-l) ... (2) 

Now from (1) we have, by differentiation, 

dX 

— = — »2(i^i+2t^t? + 3w3t;2^ _ ^.^^^n-i) . ^ (3) 



150 PART I. — ^INTEBEST. [OhftptorVL 

Hence from (2) we have 

Fresent value of payments \ ^y\ 

on account of repayment > =X— f "~*"T^ ) 
of capital j 

at 

= j.(i^) .... (A) 
and 

Present valvs of payments ) _ .dX. .^. 

on account of interest ) di ' ' ' ' 

It is possible that these general results may be found, on 
further investigation, to be of some service in questions involving 
annuities-certain. 

The result arrived at in (A) has been already obtained in the 
simple case of an ordinary annuity. 

Thus if x==-T^ 

.-. *X=l~t;» 

.-. I: (*X) = Wt?«+» 
di 

which has been already independently obtained in Art. (69). 



01uip.7n. , Arte. 88-88] 
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CHAPTER VII. 



ON INTEKEST TABLES. 



(82) As will be seen further on in this chapter, various sets of On the 
interest tables have from time to time been computed and intoreit TaUei 
published, by the aid of which the solution of interest questions 

is greatly facilitated. Of course, in any set of tables, the greater 
the number of functions involving i and n (the rate of interest 
and the time), whose values are tabulated, and the more extensive 
the range of values of i and n for which the functions are tabu- 
lated, the more complete would such tables be. Apart, however, 
from the enormous labour involved in the preparation of anything 
approaching to a complete set of Interest Tables, there is the 
inevitable tendency towards bulkiness, which, setting aside the cost 
of production, practically restricts the computation of such tables 
within well-defined limits. 

(83) A reference to the detailed examination of some of the On the yanoui 
existing tables, which will be found further on, will serve to uiraiatod. 
show that (dismissing simple interest) the functions usually 
tabulated are — 



r^^'^n n^-^ n (! + *>-! l-(l-h»)-* fl 



-(!+»•)-» 



}"'. 



Referring, however, to Art. (26) we know that the difference 
between the last two functions is always /, so that it would appear 
to be unnecessary to tabulate both ; although, from the fact that 
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some authors have tabulated both, it would appear to be not 
improbable that the connection between them has been overlooked. 

For certain purposes, moreover, it has been found desirable to 
tabulate certain modified forms of some of the above functions. 

Thus, for instance. Art. (26), we know that 

l-(l-fi)-» 1 



t 



i^.-^i' 



which assumes that the entire capital bears interest at the rate i 
for the term of n years, and that the sinking fund for accumulation, 
namely, Yn\, bears interest at the same rate i. As is shown in 
Art. (27), and illustrated in examples 6 and 7 of Chapter IV. given 
in Chapter V., it may be necessary to use a modification of this 

formula, namely, 



^ .-, where ^ denotes the rate of interest 

the original capital is to bear for the entire period of n years, and 
P;;^, the sinking fund for accumulation, is to bear interest at a 
different rate i. Accordingly, we find that at least one set of 

tables of the values of the function — :^ has been computed 

and published. (See Soskold, Art. (87).* 

Reference to the detailed examination of various tables will 
show that other functions have been tabulated for special purposes. 

Thus Lieut. -Col. Oakes has tabulated 



--(i'-i) 



-(•-D"" 



}n variouM 
netiiods of 
udonlatiiig and 
theoldnff a aeriea 
>f tabulated 
rallies of oertain 
tinetioiui. 



p=(,i"-t) 



_f(l-f-ar)^~r 



-1 



Mr. Herbert Johnson has tabulated 

^ WW p,={ii±2:=-^} . 

Here three rates of interest, i, i^, and x, are involved, 

(84) It is not proposed to enter into any lengthy description 
of the various methods which may be adopted for the purpose of 
calculating any series of values of any one of the above-mentioned 
ftmctions, and of checking the results by some independent process. 
For information on this subject reference may be made to a most 

* Other Tahles have also heen computed and puhlished. For instance, 
Tahles of this description will be found on p. 8, of vol. \., of the Journal of the 
Institute (part 2), by the late Peter Hardy, and in W. D. Biden's Tables, 
published in 1864. 
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valuable work by Mr. Peter Gray, entitled Tables and Formula 
for the Computation of Life Contingencies, Sfc, Laytons, 1870. 

It will be sufficient here to give some general explanations. 

{a) Taking the function (1+i)**, we may commence with 
l-\-i, and then multiplication by itself would give (l-l-*)^, and 
this result again multiplied by 1-h*, would give (l+i)^, and so 
on. Where i is '02, 03, &c., these multiplications can be readily 
made, and to any number of decimal places, but it will be proper 
always to take two more places than are ultimately wanted. 

The results should be verified from time to time either by the 
use of logarithms, or thus : — 

(l + i)2 X (l + i)3 should give (1 + 0', 

(i+^rx (1+0^0 „ (l-f^)^ 

(i+irx(i-hiy<> „ (i+i'r, 

and so on. 

(5) The function (1-f ^)"** might be constructed either like 
that for (l + i)**, or by continual division of (l + ^)~^ by 1-f J, or 
by calculating the last value, say (1-f /)~^^, and then working 
backwards with the constant multiplier l4-i. 

Thus (1 -h i) -^= (1 + i) (1 + *) -'^ , 

(l+i)-««=(l-fi)(l + *)"''. 

Where (1 + t)^ is already calculated, the intermediate results 
can be checked thus : — 

(l + i) -80= (1 + ^)10(1^^-) -90 

The final result (l + 0*=l=(l + »)(l+0"^ will serve as a final 
check. 

(c) When (1+^)** and (1 + *)"»* have been calculated, then 
we see that 

^i^— = l+(l+») + (l+»)*+ • • +(l+«)»-' 

and 

?-I^l±^=(l+,-)-i + (l + i)-2+ . . +(!+»)-» 

are at once obtained by summation. 



I 
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(d) When (l-f*)* and (1+t)-* have not been calculated, 
then we have 

(l±^!i:i=(i+0^^±^^::^^i . . . (1) 

t t 

t t 

In (1) a commencement would be made with n=l, and then 
the values for n=2, 3, 4, would be found in the manner indicated. 

In (2) a commencement would be made with the last value of 
n, required say, w=l(X), this value being calculated independently 
by logarithms. 

For examples, reference should be made to Mr. Gray's book, 
where it is pointed out that, in computing by formulas (1) and 
(2), the values of (l-\-t)^ and (1-f *)"** *^® *^ *^® same time 
obtained. 

The results may be checked in a variety of ways, either by 
independent calculation of values at given intervals, or by differ- 
encing in the case of (c) and comparing with the values of (1+*)* 
and (1 + t)"**, or by summation of the values, in which case we 
should have 

^, (i+0»-i _ (1 +0-1 , (i+^-)»-i . , (i+»)*-i 

lit t 

= ^^A^ {i+(i+.-)+(i+*)'+ • • +(1+*)""*} - " 

z t 

_l+i (l +»)«-l n 

— — T— • ; r \o) 

lit 

^,l-(l+i)-«_1-(l+»)-' , l-(l+o-« , . l-{l+i)-» 

^ ; ; \- ; T • • "1 : 

« t » % 

= "]-) {(l+i)-+(l+0-»+ • . +(! + »•)-*} 

^"-i.liia+or' (4) 

tit ^ ^ 

so that in each case the sum of the entire series of values may be 
obtained in terms of the last one. 

It should be noted that (4) has already been obtained in 
Art (65). 
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(85) Mr. Gray has given, in his Tables and Formulcdy* various 
methods of calculating the values of the functions commonly 
tabulated, but it is doubtful if these are of common use. It is 
probable that for ordinary purposes the simplest plan is to use 
ordinary logarithms throughout. Thus, starting with log (1 -hi), 
we get by successive additions log(l + i)2, log(l-f 0^ • • •> *^^ 
subtraction of these results from zero gives log (1 + *)""^ 
log(l-hi)~^ .... The numbers corresponding to these logarithms 
give the series of values 1 + i, (l-hi)^, &c., and (l-hi)~^ (l-hi)~^ 
respectively, and these again when summed give the values of 

-^^ 7 and : — - — , respectively, for the various values 



I 



of n. 

Care, of course, must be taken that the logarithm of 1 + / is 
taken to two or three places more than that to which the results 
are required, in consequence of an error in the last place being 
constantly increased as n increases, and also in order to ensure 
accuracy in taking out the numbers corresponding to the logarithms. 

There will be found appended to this Chapter an extensive 
table of values of logio(l + Oj which has been specially constructed 
by Mr. Peter Gray for this work. 

(86) Various instruments have been from time to time devised 
for facilitating numerical calculations, the most important and 
well-known is the Arithmometer of M. Thomas (de Colmar). In 
a paper by Major- General J. C. Hannyngton, in p. 244 of vol xvi. 
of the Journal of the Institute of Actuaries, will be found an 
excellent description of the Arithmometer, with examples illus- 
trating its application ; and in the following pages of the same 
volume will be found further information on the same subject. 
Mr. Peter Gray, on p. 249 of vol. xvii., and pp. 20 and 123 of 
vol. xviii., has also given detailed illustrations of the working of 
the Arithmometer. Appended to this Chapter will be found a 
Note, by Major-General J. C. Hannyngton, on Instrumental 
Calculations, which, on account of the knowledge and experience 
of the author, cannot fail to be of interest. 



General 

obienrationi oa 
the ealonlatioii 
of Intereit 
Tables. 



On Instrumental 
Calculations. 



* In this work are given two valuable tables. In the first, log x is the 
argument, and log (1 + x) the tahular result. In the second, log x is the 
argument, and log(l — a?) the tabular result. Mr. Gray has also given 
illustrations of the application of these tables to the calculation of the values 
and amounts of annuities-certain. 
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AnalvtiMl 
detenptioii of 
variont wall- 
known or readily 
obtainable 
Intereat Tablet. 



(87) In this Article, it is proposed to give a somewhat minute 
description of some of the Interest Tables which have been 
published. The list is in no sense to be considered as complete, 
but rather as including only some of the more well-known or 
readily obtainable tables. 

Pbancis Cobbaux. — " Doctrine of Compound Interest." 1825. 

In these tables the functions tahulated arc the same as those of Tahles 
III. to XVII. of Mr. Turnhull's Tables, and in addition the values of 

but these would appear to be unnecessary, as they can be respectively 
obtained from VII., XII., and XVII., by subtracting ». (See 
Art. 26.) 

The values of * are from 3 to 6 per-cent, proceeding by Jth per-cent. 

The values of n are from 1 to 100, proceeding by i and J up to 16, and 
then by 1. The results are generally to 7 decimal places, hut are 
curtailed for higher values of n to 6 and 5 places. 

It is to be noted with regard to these tahles, that all the values for the 
same value of i are given in the same opening of the book. 



Pbtbb Habdy, F.R.S. — " Doctrine of Simple and Compound Interest; 
Functions tabulated : 



» 



1839. 



(l + »)», (1 + »)"*» 



•X-n (l+0*-l l-(l+t)"' 



, log(l+t)-*. 



t t 

For all values of n from 1 to 100, and for values of » from i per-cent to 
5 per-cent, proceeding by J per-cent ; and then for 6, 7, and 8 per- 
cent. 

In the firat four functions, the number of decimal places is 4, and 7 in 
the last. 

H. D. HoszoLD.— "The (Mining) Engineer's Valuing Assistant." 1877. 

Table I. gives values of (1 + »)» for values of n from 1 to 100, and for 
values of i from ^ per-cent to 3 per-cent proceeding by Jth per-cent. 

3 », 6 „ „ t 

6 „ 25 „ „ 1 

As far as 9 per-cent the number of decimal places is 10, thence to 15 per- 
cent 6 places, and afterwards 5 places. 



»» 



>» 



Table II. gives values of ( 1 + - ) where n is from 1 to 50 ] 



)-and»=-03. 



(l+^y* ., 1 to 25 J 

Table III. gives values of ^ r where n is from 1 to 100, and 

* from J per-cent to 10 per-cent, proceeding as in Table I. The 
number of decimal places is 10 up to 7 per-cent, and 6 afterwards. 
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H. D. HosKOLD — (contiwued). 

Table IV. gives values of (1 + i)-** where n is from 1 to 100 as far as 
10 per-cent, afterwards from 1 to 50, and i is from 3 to 25 per-cent, 
proceeding by ^ per-cent as far as 5 per-cent, by 1 per-cent thence 
to 25 per-cent. 

The number of decimal places is 8 throughout. 

( (l + t)n_i ) -1 
Table V. gives values of P-i or j ^^ t j , where » is from li 

per-cent to 20 per-cent, proceeding thus : li, 2, 2^, 3, 3J, 3i, 4, 41, 
4i, 5, 10, 12, 15, 18, 20. Up to 5 per-cent n is from 1 to 100, and 
afterwards 1 to 50. 

The number of decimal places is 10. 

The same table gives values of P^' and Pil> , that is, \ V^^2/ "^ i 

and -5 V* ' 4 / > , where n is from 1 to 50 or 25, and t 



[(i^]-. 



from 3 to 5 per-cent, proceeding by ^th per-cent, the number of 
decimal places being 6. 

Tables VI., VII., VIII., IX., give values of p r„ where 



n 
Table VI. 1 to 100 



„ VII. 
„ VIII. 
„ IX. „ 



lOOi 
3 

H 

4 



100 i 



/ 



3 to 6 by i, 6 to 25 by 1 
The same as VI. 

4, 5, 6, 8, 10, 12, 15, 18, 20, 25 

5, 6, 8, 10, 12, 15, 16, 18, 20, 25 
throughout to 8 places of decimals. 

t>'« 1 

Table X. gives values of = r, where ««- — -,, and P-i is as in 

° P-I + » 1 + » *l 

til 

preceding tables. 

t is from 1 to 10, t is 3 per-cent. 

n , 1 to 100, t' is 4, 5, 6, 8, 10, 12, 15, 18, or 20 per-cent. 
Number of decimal places, 6. 

Table XI. is similar to Table X., i being 3? or 4 per-cent, and t' being 
20 per-cent. 

Table XIII. gives values of ^— ; — - — where i is 2, 2^, 3, or 3i 

per-cent, and n is from 1 to 100. Number of decimal places, 5. 

«< 1 

Table XVI. gives values of -r where v* = — ;, and t is from 1 to 100: 
® t l+» 

and t is 3, 3i, 4, 4^, 5, 6, 7, or 8 per-cent. Number of decimal 

places, 4» 
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Chables Ingall. — ** Tables for ascertaining the value of Debentures issued, 
bearing interest at from 3| to 6 per-oent, and to ran from 1 to 7 years 
by quarters of a year, to pay the buyer from 3^ to 7 per-cent, computed 
for every J per-cent." 1862. 

The results are given in £. t. d., and are computed from the formula 



l-i> = 



\l+»» 1 + »V/ ^ 



_ 1+ftt 

~ 1 + m" 

where n denotes the time before redeemable at par, i the rate of 
interest which the debenture bears, p the discount at which it is 
bought, and i' the rate of interest yielded to the purchaser. 

W. Inwood.— " Tables for the purchasing of Estates, &c." 1870. (19th 
edition.) 

Contains the five Compound Interest Tables extracted from John Smart's 
Tables, but reduced to 4 decimal places. (See Smarfs Tables.) 

It also contains extracts from Thoman's Logarithmic Tables. (See 
Thoman's Tablet.) 

Hebbebt Johnson. — "Investment Tables for Stocks and Perpetual and 
Terminable Debentures." 1881. 

Tables I. and II. do not call for notice. 

Table III. gives the values of the function 

where p, i, and n are the arguments, and i' the tabular result. 

The values of p vary from 35 per-cent discount (that is — ) to 160 
premium (that is +). 

The values of » vary from 4 to 6 per-cent by i per-cent. 

The values of n vary from li to 50 years, proceeding by i up to 15 years 

„ „ „ 1 from 15 to 26 years 

« »> »> 2 „ 26 „ 36 „ 

»» »9 »» 3 „ 36 „ 42 „ 

tt »f >» ^ »» ^^ >* ^^ » 

On the left-hand page x, that is, the rate of interest for reinvestment, is 
taken at 3 per-cent, and on the right-hand page at 4 per-cent. 

Table IV. is simUar to Table III. 

The number of years proceeds from IJ to 10 by ^ (year). 

The values of p are from 11 per-cent discount (— ) to 4 per-cent 

premium ( + ). 
The value of t is 3^ per-cent throughout, as is also the value of or, the 

rate of interest for reinvestment. 

In both tables the value of i' is given m£ s. d. per-cent. 
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John Laueie.—" Tables of Simple and Compound Interest, &c.** 1776. 



No. of 
Table. 



I. 
II. 

III. 

IV. 

V. 

VI. 

VII. 

VIII. 

IX. 

X. 



XI. 



XII. 



XIII. 



XIV. 



Functions tabulated. 



(1 + *)* and 1+ni 

(1 + i)-^ and (l + ni)-^ 

(1 + 0**-! . 



f i-(i+i)-» >-'. 

i i ) 

(-if- 



l_(l+i)-(n-l) 



,2n 



-2n 



-(•4) 



-2n 






(General Remarks. 



* In these cases, 
corresponding va- 
are also given 
simple interest. 



lues 
at 



The rates of in- 
terest for which the 
tables are computed 
are — 3, 3J, 4, 4^, 
and 5 per-cent. 

The number of 
years is generally 1 
to 50; but in the 
half - yearly cases 
generally from J to 
44, proceeding by J 
years. 

In VI., the argu- 
ment is P-i for vari- 
ous values from 15 
per-cent downwards, 
and n is the tabular 
result, and a some- 
what similar ar- 
rangement in XIII. 

The results are 
generally given to 
7 decimal places, in 
some cases 6, and 
are also given in 
£. s, d. 



D. J. McG. McKenzie. — Two tables on pp. 183, 184 of the Journal of the 
Institute of Actuiiries, vol. xxiii. 

Table I. gives the values of log 



(l + t)n-l 



Table II. gives the value of (l+i)n— 1. 

The first table is the table referred to on page 116. 

The second table gives the rates of interest per interval of -th of a 

year, equivalent to an effective annual rate •, except for naoo, in 
which case the nominal annual rate is given. 
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D. J. MoG. MoKbvzib — (continued). 

In each table i runs from 2^ per-ccnt to 10, proceeding by ith per-cent. 

In Table I. the number of decimal places is 7. 

In Table II. the number of decimal places runs from 8 to 10. 

The values of n are 2, 4, 12, 26, 52, and ao . 

Lieut.-Col. W. H. Oakes. — "Loans payable by Drawings and Debenture 
Interest Tables." 1870. 

Function tabulated : 1 — i> = ( 5 ~ 5 ) =? — — • 

2 
For all values of n from 1 to 60 (half-years), and for values of 100 x - 

from li to 4^ proceeding by i, and for values of 1 — j> from 99 to 70 

proceeding by 1. 

♦ ♦' 

100 X - and n (half-years), and 1 —p are the argpiments, and 100 x - the 
2 2 

tabular result, which is given to 3 decimal places. 

Lieut.-Col. W. H. Oakes.—" Tables of Compound Interest." 1877. 

Functions tabulated ; (1 + i)«, (1 +»)-», ^-^-^ = , ^ . ^ . 

For all values of n from 1 to 100, and for values of i from f per-cent to 

10 per-cent proceeding by iths per-cent. 
Number of decimal places, 5 throughout. 

Thohas Geobge Bance. — " Compound Interest Tables." 1876. 

Functions tabulated : (l+*)^ (1 + «)-», ^^^ =, ^ . ^ . 

♦ ♦ 

For all values of n from 1 to 100, and for values of i from J per-c«nt to 

10 per-cent, proaeeding by J per-cent. Number of decimal places, 

7 throughout. 

John Shabt. — " Tables of Interest, Discount, Annuities, &c." 1726. 

ni (l+*)»— 1 

Functions tabulated : ni, _ :, (1 + *)", (1 + «)"*, ^ r , 

1 + nt • 

l-(l + t)-** C l-(l + t)-»» > -1 

~i ' I t 3 • 

In the function ni, n is taken for each day from 1 to 365, and from 1 to 

25 years. 

ni 

„ , ., n is taken for each day from 1 to 365. 

i+m 

„ (1 +«)**,» is taken for each day from 1 to 365, and every 

half-year up to 100 years. 

In the remaining functions, n is taken for every half-year up to 100 years. 

The values of i are in all the tables 2, 2^, 3, 3^, 4, 4^, 5, 6, 7, 8, 9, 10 

per-cent. The number of decimal places is throughout 8. 

Note. — If » be an odd number of half-years, say n=t + i, then in the 
last five functions, the values tabulated are those obtained by substi- 
tuting ^ + i in the respective formulas for n» (See Art. 80.)* 

* These tables will also be found appended to Sally's Doctrine qf Interest and Annuities, 



Art 87.] 



OTEBEST TABLES. 



161 



T. K. Stfbbins. — " Annuity Tables for Building Societies and General Use." 
1881. 



Table I. gives the values of 



-(^^r^) 



-n 



t 
12 



Table II. 



-('•r 



ff 



» 



i 



Table III. 



-(-i) 



-n 



i» 



»» 



% 

2 



The values of i are from 3 to 8 per-cent, proceeding by i per-cent. 

The values of n are, in I., from 1 to 300, proceeding by 1. 

II., „ 1 to 200, 
III., „ 1 to 100, 

In I. to 3, and in II. and III., to 4 decimal places. 



» 



>» 



t> 



y> 



if 



FtDOB, Thoman. — " Translation of his work on Theory of Compound Interest 
and Annuities." 3rd edition. 1877. 



No. of 
Table. 



I. (A) 
., (B) 
II. 

III. (a) 

»» » 



» 



ii 



(B) 

(c) 



IV. < 



Function 
tabulated. 



logio(l+*)« 
log— 



a 



{ 
[ 



logioCl+i)!^ 

log 10 i, and "^ 
logio(l + ») ^ 

log2io(l + 

log 10 », and "J 
logio(l + ») > 



Same as III. (b) 



n 



(l + t)n-l 



n 



From 1 to 100 
Do. 

1,2,3.. up to 12 



2, 4, 6 or 12 



2, or 4 



100* 



i, 1, li, and then by 
Jthsupto6; 6 to 7 by 
i; 7, 7i, 8, 9, 10, 12 

Same as for I. 

Same as for I. 

Same as for I. 

C to 10, proceeding 
^ by ^th 

( to 10, proceeding 
^ by ^th 



itoUbyiths; 
, li to 6 by Jths i 
remainder same as I. 



No. of 

Decimal 

Places. 



10 



7 
10 

Same 
as III. 

(B) 
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Akdbew Hugh Tfenbull. — " Tables of Compound Interest and An- 
nuities.*' 1863. 

The following is a summary of the principal tables contained in this work : 



No. of 
Table. 



III. 
IV. 

V. 

VI. 

VII. 

VUI. 

IX. 

X. 



XI. 



XII. 



XIII. 



XIV. 



XV. 



XVI. 



XVII. 



XVIII. 



XIX. 



Function tabulated. 



(1 + i)^ 
(! + »)-» 

■ 

t 

l~(l+»)-*> 

( i-(i-t-»)-» |-i 

(-1)"-' 



-('*i) 



-2n 



-2i»^ -1 






-(''!) 



-4n 



-4n^ -1 



^HlnT] 



B 



( 
^ 



n 



From 1 to 80 
Do. 

Do. 
Do. 

Do. 

( From i to 40 I 
I by i (year) i 

Do. 



Do. 



Do. 



Do. 



( From i to 20 ] 
^ hy i (year) i 



Do. 



Do. 



Do. 



Do. 

B = 2i, 3, 3i, 4, 5, 

6, 7, 8, 9, 10 
per-cent 



lOOt 



3, 3i, 4, 4i, 5, 6 
Do. 

Do. 
Do. 

Do. 

3, 3i, 3i, 31, 4, 4i, 
4i, 4f , 5, 5i 

Do. 
Do. 



Do. 



Do. 

3, 3i, 4, 4i, 6, 5i 
Do. 

Do. 



Do. 



{ 
{ 



Do. 

2i to 6 by Jth 
6 to 9 by i 
and 10 

2 to 8 by ith 
8 to 11 by i 
IH, 12, 12i 



The values are througliout to 7 dedinaX i^\ayoea,«aSL«£^ «Xwi ^n««l*\sl £ «. d. 
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P. A. ViOLBiNB. — "Nouvelles Tables pour les calculs d'lnt^rSts Simple et 
Composes, &c." Deuxi^me ^ition. 1854. 

The following is a summary of these tables as far as they call for notice: — 



No. of 
Table. 



V. 

VI. 

VII. 

VIII. 

IX. 

XIII. 

XIV. 

XV. 

XVI. 
XVII. 

xvni. 

XIX. 
XX. 



Function 
tabulated. 



in 
360 

in 
l2 

in 



n 



H-'-i--) 



2 
1+ni 



XXI. i 



(1 + »)» 
(l + i)T2 

n 
(l+t)860 



(l + 0»-l 



(l+*)*>-l 



(1+0 



Giving n as tabular 

l-(l+t)-n |-l 



{ 



Giving n ■= 

for various values of 
per-cent, proceeding 
other subdivisions 



From 1 to 30 

ltol2 

ItolO 

Do. 

Do. 

1 to 100 

ltol2 

lto30 

1 to 100 
ltol2 

Do. 

result in (1 + 
1 to 100 

iog(i4) 



lOOt 



log (1+0 
P from to 3 
by Aths or 



1 to 10 proceeding by iths 
and ^ths up to 6, and 
then by ^th and ^rd. 

Do. 

Do. 

Do. 

Do. 

Do. 
Do. 
Do. 

Do. 

f AuptoHbyAth; 
^ 34* "ir* af> aT> ¥«> a** Tn* 



»)»=2 



Do. 
Do. 
Do. 



Do. 



The compound interest tables are generally given to 8 places of decimals. 



Various Interest Tables have, from time to time, been 
published as part of works on subjects inyolying the application 
of the theory of interest. Among others are the following : — 

Gbippith Dayies. — Treatise on Annuities. 
JOHK MiLNB. — Treatise on Annuities and Assurances, 1815. 
David Jones. — On the Value of Annuities, 1848. 
Dayid CuiSKOiM,^ Comtnutation Tables. 1858. 
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NOTE ON INSTRUMENTAL CALCULATIONS, 



By Majob-Gbneral J. C. Hannyngton. 



The duties of an actuary often require him to make laborious calcula- 
tions, on the correctness of which important conclusions may depend. To 
relieve mental strain, to avoid eiTor, and to save time, lie will do well to 
avail himself of mechanical assistance. 

Foremost among machines stands the Arithmometer of M. Thomas 
(de Colmar), which has lately been materially improved and simplified 
by Mr. S. Tate (of No. 6, Waterloo Place, Clerkenwell Close). As now 
constructed, it is very strong, and may be worked, without risk, at bigb 
speed.* 

The uses of this machine are endless. The general principle of its 
operations has been well explained by Mr. Peter Gh-ay in the Journal of 
the Institute, 

Next come the various instruments that have been devised for 
indicating logarithms by measurement. These instruments, whatever be 
their form, are named sliding rules. As the arithmometer commands 
that branch of arithmetic which depends on addition and subtraction, 
so does a good sliding rule command all logarithmic operations. 

Professor George Fuller, C.B., of Queen's College, Belfast, has 
invented an instrument, in which a logarithmic scale winds in a spiral 
around a revolving cylinder, to which indices are applied. By this 
means a scale of fifty feet in length is made perfectly manageable. In 
all parts, four figures are determinable ; and, for a large portion, the fifth 
figure may be correctly estimated. 

Mr. Thomas Dixon, of Buttershaw (near Bi-adford), has invented a 
flat spiral, or scroll, on which the scale runs from the centre outwards, by 
which arrangement the graduation is, or might be, in equal divisions 
throughout. The advantage thus gained is very great. The reading is 
effected by three or more concentric arms, to be clamped in position as 
required. 

* C. & E. Layton, the publishers, state that there is another form of the 
machine, known as Elliott's, which is of English make. 
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A seemingly unavoidable defect of spiral arrangements is the necessity 
for moveable indices that require special adjustments and give but one 
result at one time. 

The common slide rule, when set to fulfil a given condition, fulfils it 

completely. Thus, by setting „ » we have also t , ^ , nAao » &c., the 

whole range of such values being immediately visible. 

To preserve this most important property — the essential property of 
the sliding rule — I have had one constructed in parts, yet so as to be 
continuous, and to afford a full scale in any position of the slide. 

This instrument, of a convenient size, has a scale of ten feet only. It 
can be read exactly for three figures throughout, and for a fourth figure 
either exactly or nearly. 

The applications of such a rule are manifold, and as the adjustments 
can only be taught, rule in hand, further explanation need not in this 
place be offered. A peculiar advantage is, that for special purposes, 
special slides can be made, and the working be thus rendered more easy. 

The data of the following case of distributive proportion are not 
imaginary. The work was completed, with only two settings, in six 
minutes. The results are the same as found on Fuller's spiral scale. 



A 



25500 



B 



227-5 


149-9 


40-2 


243 


160-1 


42-7 


109-5 


721 


19-3 


309 


203-6 


54-6 


42-5 


28 


7-5 


108-5 


71-4 


19-1 


325-5 


214-4 


57-5 


20-5 


13-5 


3-6 


516-5 


340-2 


91-2 


474 


312-3 


83-7 


53 


34-9 


9-4 


25-5 


14-8 


3-9 


98 


64-6 


17-3 



1679-8 



C 



450-0 



Herein A is the standard column, and columns B and C are in the 

same proportion. 

168 45 

The rule settings are aFk and g-> , the results are obtained by 

reference to the rule with the numbers in column A. 

There are many other forms of the slide rule. My purpose is not 
to describe any, but to point out their general utility for actuarial 
calculations. 
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Table op Values ofLo^jQ(l-\-i) to 16 places, from lOOi 

to 10, proceeding hy ^^A«. 

(Specially computed for this Work by Mr. Peteb Gbay.) 



=0 



lOOi 


logio(l + 


100» 


logio(l + i) 





•000 000 000 000 000 


3 


•012 837 224 705 172 


A 


•000 271 349 263 375 


A 


•013 100 672 988 594 


A 


•000 542 529 092 294 


A 


•013 363 961 557 981 


A 


•000 813 539 698 220 


A 


•013 627 090 606 869 


h 


•001 084 381 292 220 


A 


•013 890 060 328 438 


T^r 


•001 355 054 084 966 


6 


•014 152 870 915 522 


A 


•001 625 558 286 737 


tV 


•014 415 522 560 603 


^ 


•001 895 894 107 420 


A 


•014 678 015 455 813 


i 


•002 166 061 756 507 


3i 


•014 940 349 792 936 


A 


•002 336 061 443 105 


A 


•015 202 525 763 412 


« 


•002 705 893 375 925 


\l 


•015 464 543 558 330 


H 


•002 975 657 763 293 


\\ 


•015 726 403 368 436 


« 


•003 245 054 813 147 


i* 


•015 988 105 384 130 




•003 514 384 733 037 


H 


•016 249 649 795 469 


A V 

H 


•003 783 547 730 127 


H 


•016 511 036 792 167 


H 


•004 052 544 Oil 197 


H 


•016 772 266 563 594 


1 


•004 321 373 782 642 


4 


•017 033 339 298 780 


A 


•004 590 037 250 476 


1 


•017 294 255 186 414 


A 


•004 858 534 620 328 


A 


•017 555 014 414 844 


A 


•005 126 866 097 449 


A 


•017 815 617 172 080 


A 


•005 395 031 886 706 


A 


•018 076 063 645 795 


1*^ 


•005 663 032 192 590 


A 


•018 336 354 023 322 


A 


•005 930 867 219 212 


A 


•018 596 488 491 658 


A 


•006 198 537 170 307 


A 


•018 856 467 237 466 


li 


•006 466 042 240 232 


4i 


•019 116 290 447 073 


i^ff 


•006 733 382 658 968 


A 


•019 375 958 306 470 


M 


•007 000 558 602 124 


\% 


•019 635 471 001 316 


H 


•007 267 570 280 934 


H 


•019 894 828 716 939 


H 


•007 534 417 897 257 


11 


•020 154 031 638 333 


H 


•007 801 101 652 584 


H 


•020 413 079 950 161 


« 


•008 067 621 748 033 


H 


•020 671 973 836 756 


« 


•008 333 978 384 351 


H 


•020 930 713 482 124 


2 


•008 600 171 761 917 


5 


•021 189 299 069 938 


iV 


•008 866 202 080 743 


A 


•021 447 730 783 546 


A 


•009 132 069 540 472 


A 


•021 706 008 805 968 


A 


•009 397 774 340 380 


A 


•021 964 133 319 899 


A 


•009 663 316 679 379 


4 


•022 222 104 507 706 


A 


•009 928 696 756 016 


A 


•022 479 922 551 432 


A 


•010 193 914 768 475 


A 


•022 737 587 632 799 


A 


•010 458 970 914 574 


A 


•022 995 099 933 200 


Si 


•010 723 865 391 773 


64 


•023 252 459 633 711 


A 


•010 988 598 397 168 


A 


•023 509 666 915 084 


« 


•Oil 253 170 127 497 


« 


•023 766 721 957 749 


H 


•Oil 517 580 779 137 


H 


•024 023 624 941 817 


H 


•Oil 781 830 548 107 


B 


•024 280 376 047 080 


« 


•012 045 919 630 068 


\% 


•024 536 975 453 010 


H 


•012 309 848 220 326 


M V 


•024 793 423 338 763 


/ i 


•012 573 616 513 829 


If 


•025 049 719 883 176 
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Table op Values — (continued). 



lOOt 


log 10 (1 + *) 


lOOi 


log 10 (1+*) 


6 


•025 305 865 264 770 


8 


•033 423 755 486 949 


A 


•025 561 859 661 751 


A 


•033 675 010 617 998 


A 


•025 817 703 252 009 


A 


•033 926 120 472 870 


A 


•026 073 396 213 121 


iV 


•034 177 085 219 469 


A 


•026 328 938 722 349 


A 


'034 427 905 025 403 


A 


•026 584 330 956 644 


A 


•034 678 580 057 992 


A 


•026 839 573 092 644 


A 


•034 929 110 484 266 


A 


•027 094 665 306 676 


A 


•035 179 496 470 968 


6i 


•027 349 607 774 756 


84 


•035 429 738 184 548 


A 


•027 604 400 672 592 


A 


•035 679 835 791 174 


U 


•027 859 044 175 579 


U 


•035 929 789 456 723 


a 


•028 113 538 458 809 


H 


•036 179 599 346 787 


iS 


•028 367 883 697 061 


■u 


•036 429 265 626 675 


H 


•028 622 080 064 812 


H 


•036 678 788 461 406 


H 


•028 876 127 736 229 


H 


•036 928 168 015 719 


H 


•029 130 026 885 175 


H 


•037 177 404 464 068 


7 


•029 383 777 685 209 


9 


•037 426 497 940 623 


A 


•029 637 380 309 585 


1 

16 


•037 675 448 639 274 


A 


•029 890 834 931 254 


A 


•037 924 256 713 626 


A 


•030 144 141 722 864 


A 


•038 172 922 327 006 


4 
TIT 


•030 397 300 856 762 


4 
17 


•038 421 445 642 459 


1^ 


•030 650 312 504 992 


A 


•038 669 826 822 752 


■^ 


•030 903 176 839 298 


A 


•038 918 066 030 369 


A 


•031 155 894 031 127 


A 


•039 166 163 427 521 


7J 


•031 408 464 251 624 


9i 


•039 414 119 176 137 


A 


•031 660 887 671 635 


A 


•039 661 933 437 870 


1^ 


•031 913 164 461 711 


n 


•039 909 606 374 097 


H 


•032 165 294 792 103 


H 


•040 157 138 145 918 


U 


•032 417 278 832 769 


« 


•040 404 528 914 159 


H 


•032 669 116 753 368 




•040 651 778 839 370 


H 


•032 920 808 723 266 


?l 


•040 898 888 081 828 


U 


•033 172 354 911 534 


H 


•041 145 866 801 536 






10 


•041 392 686 158 226 



Mr. Gray has furnished the following interesting note on the 
calculations : — 



"The principle I hare used is the following: If of two series, the 
terms composing the one are each n times the terms composing the other, 
then the logs of the terms of both series will have the same series of 
finite differences. If, therefore, the logs of the terms of one of the series 
are known, those of the terms of the other can readily be formed. 

" The logs wanted are those of 10000, 1000626, 100126, and so on. 

Multiplying these terms by 16, we have 1600, 1601, 1602 1760, 

160 terms in all. The logs of these are to be found in column 1 of my 
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24 log tract to the reqnired extent — say 15 places.* Well, writing those 
logs on alternate lines, and their differences on the intermediate lines, 
those differences will he the differences of the required series. And 
carrying them out into a parallel column, and adding in the usual way, 
with (=log 100 . . . ) f or the initial term, we have the required series 
of logs. 

" I have checked the work thoroughly as I proceeded, and I helieve 
every figure can he depended on, with one exception. Every 8th value is 
to he found in column 1 of my table aforesaid. Thus : 

i per-cent opposite '005 

1 „ „ 010 
li „ „ 015 

2 „ „ '020 and so on. 

" I have compared my results carefully with these, and in about half 
of them I find a discrepancy of a unit in the last place. I can see the 
cause of this. In fact, I anticipated it, although I am not prepared at 
this moment to formulate it." 



* The work here referred to is Mr. Gray's " Tables for the formation of 
Logarithms and Anti-Logarithms to 24 or any less number of places," 
Laytons, 1876, 
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EXAMPLES FOR THE STUDENT ON THE 
FIRST TWO CHAPTERS. 



Chapteh T. 

(1). — Find the true discount on 385*55 due 43 days hence, 
interest at 8 per-cent. 

Am,: 3-480. 

(2). — The rate of interest being 5 per-cent payable half- 
yearly, and the income tax -aro V^^ 1> ^"^ *^6 sum which in two 
years will amount to 1000. 

Ans,: 908-533. 

(3). — Show that 1 will amount at the end of 87 years to 
1803-455, 2119-505, 2305867, 2514929, according as the nominal 
rate of interest, 9 per-cent, is convertible yearly, half-yearly, 
quarterly, or momently. 

(4). — A person lends at the end of one year 1, at the end of 
two years 4, at the end of three years 9, &c., at simple interest. 
What will be the amount of the debt at the end of n years, 
interest at the rate i ? 



Ans,: + /a -'' 

(5). — Show that the discount is half the harmonic mean 
between the sum due and the interest on it. 

(6) . — What sum will amount to 1 in 20 years, interest at the 
nominal rate of 5 per-cent convertible momently ? 

Ans. ; €~^ 
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(7) . — If a sum of money at a given rate of interest accumulate 
to p times its original amount in n years, and to jp/ times its 
original amount in n" jeB,T6y show that n^=nlogj,^\ 

(8) . — If P represent the population of any place at a certain 

time, and every year the nimiber of deaths is -th, and the numher 

of hirths -th, of the whole population at the beginning of that 
year, required the population at the end of n years from that date. 



Ans.: pA-Ih-IY. 



(9). — If a quantity change continuously in value from a to 5 in 
a given time ^i, the increase at any instant bearing a constant ratio 
to its value at that instant, prove that its value at any time t 



will be a ( - J . 



Chaptee II. 

(1). — Show that the true discount on 1 due n years hence, 
interest at the rate i, is equal to the value of an annuity of i to 
run for n years. 

(2) . — A sum of 84,000 is borrowed at 4f per-cent, to be repaid 
by 37 annual and equal payments. What will be the amount of 
each payment, and what portions of the seventh payment will be 
on account of interest and repayment of debt respectively ? 

(3). — Given that the values of \os — , when the rate of 

«23l 

interest is 4i per-cent, 4^ per-cent, or 4| per-cent respectively, 
are 28440512, 2*8493118, or 2*8545404; find by interpolation 

the value of — , when the rate of interest is 4^ per-cent. 

ff23l 16 i-^ 

Ans.: 070256. 

(4). — What is the present value of the lease, to run for 
38 years, of an estate producing a clear income of 560, the sum 
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invested being assumed to bear interest tbroughout at 4f per-cent, 
and the portion of the annual income invested to reproduce the 
capital at the end of the term being assumed to bear interest at 
3i per-cent ? 

Ans,: 9149-66. 

(5).-^If n be very large, and i the rate of interest, show that 
approximately 

an\ an\ an J 



Given that 317. ai2ol= 6648*223, show that the rate of 
interest involved is 4f per-cent. 

(6). — What would be the value of an annuity-certain for 
n years, first payment due six months hence ? 

Ans.: (l'\-t)ia^, 

(7). — A and B are put in possession, in equal shares, of an 
annuity-certain for 2n years. They arrange to take the payments 
alternately, A taking the first. How much ought he to pay to B 
for the advantage he thus receives ? 

"*•• 2(l + i>) • 

(8). — Find the value of an annuity-certain for n years whose 
several payments are 1, 2, 3, . . n. 

1— 1?» 

— : nv^ 

Ans. : : . 



t 



(9). — Given 6*4012, the annuity which will liquidate a debt of 
100 in 25 years, interest at 4 per-cent, find the annual sum 
payable in advance which will amount to 100 at the end of 
25 years (25 payments). 

Ans.: 2-308843. 

(10). — Find what accumulative sinking fund per-cent will 
repay a loan in 20 years at 5 per-cent interest, the amount to 
which 1 will accumulate in 20 years at that rate being 2-653. 

Ans.: 302568. 
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(11). — The present value of A per annum for n years certain 
is equal to the amount of an annuity of B per annum for n years 
certain ; find the present value of 1 due n years hence. 

(12) . — Show that if there be two annuities, one payable at the 
end of every mih. interval of a year, and the other at the end of 
every ^th interval of a year, the amounts payable annually, the 
effective rate of interest, and the time for which they are to run 
being the same, the ratio of the value of the first annuity to that 
of the second is independent of the time for which they are to run, 

A' IX i?(l + »>-l 

and IS equal to — -^^ . 

* AAA t 

(l+^)»» — 1 

(13). — If an annuity of 845 payable half-yearly be required 
to be converted into an annuity payable quarterly, the effective 
rate of interest being 3f per-cent, what sum should be paid per 
annum instead of 845 ? 

Am.: 8411114. 

(14). — If i be the nominal rate of interest convertible m times 
a year, and an annuity of 1 be payable k times a year, and a 
denotes its present value for n years, then if n be given by 



m 



n 



= — ^^ ^^ , show that p= 



V my 



'i°<i+^) 



miosl 1 + — I T 



(15). — In what time would 26 per month discharge a debt of 
5700, the nominal rate of interest being 4^ per-cent ? 

Ans. : 37-212 years. 

(16). — Show if two sums of the same amount be payable, one 
n years hence, and the other n'\-t years hence, then the ** equated 
time" is less than i(n-]-n'\-t), and is the same as the "equated 
time " for two annuities of equal amount to run for n and n-\-t 
years respectively. 

(17). — Which is the greater, a;;^ -h ff^ or 2a(n+n+t)^\ ? 

(18). — A person borrows a sum of money and pays off^ at the 
end of each year as much of the principal as he pays interest for 
that year : find how much he owes at the end of n years. 
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(19). — What is the present value of an annuity which is to 
commence at the end of jp years and to continue for ever, each 
payment being m times the preceding ? What limitation is there 
as to ^ ? 

Ans, : 7- r— ^ • -T- ;r , m<(l'\-i). 

(20). — If two joint proprietors have an equal interest in a 
freehold estate worth p per annum, but one of them purchase the 
the whole to himself by allowing the other an equivalent annuity 
of q for n years, find the relation between p and q, 

A V 

Arts. : Q=z^—^ — . 
(21). — Explain verbally the meaning of the equality 

and prove it. 

(22).— If P=Xai^ and PH-Q=Xa2u , then 

P2 r /P\» 



-pSii©--}- 



(23). — A has just purchased an annuity for ever, and B, ivith 
the same capital, one for three years, when an income tax for 
three years is imposed. If the tax be 3 per-cent on the perpetual 
annuity, what ought it to be on B's annuity, if the value of both 
properties be taxed alike, the annuities being calculated with 
interest at 5 per-cent ? 

(24). — If ^ years' purchase must be paid for an annuity to 
continue for a certain number of years, and q years' purchase for 
an annuity to continue twice as long, determine the rate of 
interest. 

Ans. : i-=- „ . 

(25). — A debenture of 100, bearing interest at the rate of 6 
per-cent per annum and redeemable in 20 years, is purchased for 
107*5 : show how to determine approximately the rate of interest 
realized — given that at 6 per-cent the debenture would be worth 
112-463. 

Ans, : 5*379 per-cent. 
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(26). — Find the value of an annuity to run for n years after 
t years, that is an annuity for n years deferred t years, with the 
condition that the purchaser is to receive on his capital interest for 
the entire term at the rate T, and the sinking fund for accumula- 
tion is to bear interest at the rate i. 

Why does not the ordinary formula a^^—ai] (Art. 31) 
apply ? 

(27).— Show that :^^. = v^ . 

Give a verbal interpretation of this result. 



(28) . — Show that n = 



log(H-i) 



(29). — What does the formula a;^= — — — (Art. 26) become 

when annuity is payable and interest at the nominal rate i con- 
vertible m times a year ? 

What is then the value of P;^ ? 
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